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ABSTRACT 

We  introduce  a  method  for  reduction  of  a  class  of  distributed  parameter 
control  systems  to  a  corresponding  control  canonical  form  which  has  the  same  inter¬ 
mediate  "control  Jordan  form"  as  the  original  system.  Using  this  reduction  to¬ 
gether  with  certain  results  concerning  the  completeness  and  independence  properties 
of  complex  exponentials  we  are  able  to  study  the  problem  of  eigenvalue  specifica¬ 
tion  (pole  placement  for  certain  classes  of  hyperbolic  systems  which  are  more 
general  than  those  discussed  in  the  earlier  paper  [20]. 
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SIGNIFICANCE  AND  EXPLANATION 

This  report  discusses  the  design  of  a  closed  loop  control  system 
X  =  Ax  +  bu,  u  =  (x,f ) 

for  a  certain  class  of  operators  A,  input  elements  b,  and  linear  feedback 
functionals  f .  The  design  objective  is  that  of  selecting  f  in  such  a  manner 
that  the  spectrum  of  the  closed  loop  control  system  coincides  with  a  given 
sequence  of  complex  numbers.  The  class  of  systems  considered  includes,  for 
example,  that  of  transmission  line  coupled  to  electronic  networks  at  both 
ends , 


which  occurs  very  widely  in  practice.  The  significance  of  spectral  assignment 
results  lies  in  the  fact  that  the  spectrum  of  the  closed  loop  system  corresponds 
to  a  large  degree,  to  its  dynamic  behavior  and  our  results  show  that,  within 
well  defined  limits,  the  dynamic  behavior  of  the  controlled  system  can  be 
arbitrarily  assigned. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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CLOSED-LOOP  EIGENVALUE  SPECIFICATION 
FOR  INFINITE  DIMENSIONAL  SYSTE:4S: 

AUGMENTED  AND  DEFICIENT  HYPERBOLIC  CASES 

David  L.  Russell  * 

1 .  Introduction 

Our  purpose  in  this  article  is  to  discuss  a  certain  approa ::h  to  the  ques¬ 
tion  of  control  canonical  structure  and  eigenvalue  specification  for  certain 
infinite  dimensional  systems.  In  the  present  work  we  consider  only  certain 
systems  which  are  essentially  of  hyperbolic  type  (or,  in  the  case  of  functional 
equations,  n-  *-ral  type),  but  nevertheless  a  wider  class  than  that  considered 
in  [20] ,  which  was  our  first  approach  to  this  subject.  In  later  work  we  hope 
to  consider  parabolic  systems  (see  [21],  however,  for  some  preliminary  results), 
retarded  functional  equation  systems,  etc. 

Let  H  be  a  complex,  separable  Hilbert  space.  We  consider  a  control 
system  of  the  form 


Ax  +  bu,  xeH,  u  scalar. 


(1.1) 


where  A  generates  a  strongly  conti'^uous  semi-group  S(t)  (actually,  a  group 
for  all  systems  considered  in  this  paper)  on  H  and  b  is  an  element  of  H 
or  else  an  admissible  control  distribution  element  as  we  shall  define  shortly. 
We  first  of  all  introduce 


Assumption  A  The  spectrum  of  the  operator  A  consists  of  distinct  compl ex 
eigenvalues  { ^  | je  J  },  where  J  ^  appropriate  countable  index  set , 
each  of  finite  multiplicity  .  The  associated  generalized  eigenvectors  -  ^ 

jej,  i  =  1 ,2 , . . , , ,  fr  .n  a  uniform  basis  (Riesz  basis)  for  H.  Thus  each 
element  xeH  has  £  unique  representation ,  convergent  in  H, 
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dimensional  column  vector  with  components  x 


Lettirw  x 


A ,  as  (solo)  eigenvalue  with  multiplicity 


matrix  havin' 


Further,  we  assume  that  for  jf J ,  the  matrix 


is  nonsinqular — a  condition  necessary  for  approximate  controllability  125). 

The  nonsinqularity  of  f.  in  (1.5)  implies  that  the  exhibited  column 


denoting  the  g .  x  p 


vectors  A*b  are  linearly  independent.  Hence,  with  I 

j  j 

identity  matrix 


A.)  has  index  of  nil  potency  u 


and  wo  conclude  that  the  ni  Ipotent  matrix 


dimen.sional  vectors  b,  are  formed  from  the  expansion 


of  the  "control  distribution  element 


convergent  in  H.  Sometimes,  as  in  the  case  of  boundary  controls,  this  is  too 


stringent  a  requirement 


Definition  1.1  The  element  b  is  an  admissible  control  distribution  element 


unbounded)  linear  functional  on  H  whose  domain  includes 


of  b  with  respect  to  the  basis  of 


the  domain  of  A  .  The  components,  b 


are  the  elements  of  the  dual  basis  of  H 


The  symbol  (  ip,b} ,  where  'pen  and  b  is  a  linear  functional  defined  on 


some  domain  in  H,  denotes  the  value  of  the  linear  functional  b  at  the  point 


assumed  to  be  in  the  domain  of  b.  It  is  linear  in  antilinear  in  b,  and 


reduces  to  (  ijj/b)  when  b  is  a  bounded  linear  functional  which  may  be  identified 


For  admissible  control  elements  b  the  solution  of  (1.1)  corresponding 


to  a  control  function  u  which  is  locally  square  integrable  and  an  initial  state 


H  defined,  for  t  ^  ^s  the  unique  x  (t) e  H  such  that,  for  each 


where,  as  we  recall,  S(t)  is  the  semigroup  generated  by  A  in  H.  It  remains 


to  be  shown,  and  we  will  do  this  a  little  later  in  this  section,  that  this  is 


a  viable  definition  of  x  (t) .  A  particular  admissible  control  element  wliich 


does  not  lie  in  H  plays  an  important  role  in  Sections  5,6 


It  is  important  to  be  able  to  recognize  the  form  of  b  in  concrete 


examples.  This  is  best  done  from  the  computation,  for  ij/  in  the  demain  of  A 


in  the  domain  of  A,  T  fixed 


where 


We  return  now  to  the  set  of  finite  dimensional  systems  (1.4).  From  the 


familiar  theory  of  the  Jordan  form  of  a  matrix,  we  know  that  there  are  nonsinaular 


.  X  U .  matrices  P,  such  that,  with  the  transformation 


the  systems  (1.4)  are  carried  into 


The  nonsingularity  of  C.  in  (1.5)  implies  the  same  property  for 


The  matrix  (1.12)  equivalent! 


Proof  The  "only  if”  part  is  easy;  for  if  (the  last  component  of  the 


dimensional  vector  6.)  is  zero,  it  is  easy  to  verify  that  the  last  row 


To  show  the  sufficiency  we  suppose  B.,U.  ^  0  and  define  the  u.  x 


Then  B  is  trianijuldi  with  ciiacjonal  entries  ell  equal  to  6 


IS  non 


singular.  Setting 


we  obtain 


is  the  last  column  of  B 


and  since  (cf . (1.11)) 


the  last  equality  in  (1.16)  following  from  the  fact  that  N.B  has  for  its  i-th 


column  (i 


U.)  the  (i-l)st  column  of  B 


due  to  the  special  structur 


Under  this  transformation  C.  of  (1.12)  is  carried  into 


a  lower  triangular  matrix  with  diagonal  entries  equal  to  1.  Thus  C.  and  hence 


i-  0  and  the  proof  is  complete 


C.  are  nonsingular  if  6 


The  transformation  (1.13)  carries  (1.10)  into 


This  form  of  our  system  will  be  called  the  control  Jordan  form.  It  is  a  standard 


form  to  which  various  systems  may  be  reduced  for  comparison  with  each  other 


1,  jeJ.  In  Section  7  we  consider  the  multiple  eigenvalue  case.  There  wo 


There  is  a  positive  integer  m  and  positive  numbers  M  ,  M 


Assumption  B 


such  that 


(''t.atemerit  of  Assumption  B  continued  next  paqe.l 


1p^  II  (cf .  (1.9))  <  M^.  je  J 


(!...■ 


|r"Ml  <  M,  ,  jfJ, 


I  J  . 


u . 

iBjll  1  M^B.^  0,  jf J 


(1 .22) 


iBj  II  1 


B.- 

3 


-1 


,  jfJ. 


0.23) 


Using  tlie  formula 


B  .  ly  .  N  . 

3  3  3 


-1 


=  6. 
3 


^3^-1 


ly.  . 


6.^  N. 

3  J  3 


-1 

r  y  -1 

-1^ 

f  y  -3 

ly.  - 

B.'l 

N  + 

6.3 

{  3 

3 

3 

3 

3 

-2  U  .-1  f  y  .1-y^  +  l  y 

N  +, . .+(-1)  ^  B  ^ 

3  i  3  J 


it  is  easy  to  see  that  (1.22)  ,  (1.23)  are  satisfied  if  the  first  )Jj  ”  ^  com¬ 
ponents  of  satisfy 


m|6.^|<  je^l  <m|6.^ 
3  '  -  3  '  -  3 


for  some  positive  numbers  m,M  independent  of  jfJ,  =  1,2,...,  yj_^‘ 

We  are  now  ready  to  study  the  solution  x  (t)  defined  in  (1.8). 

u 


Theorem  1 . 3  Let  A  ^  the  generator  of  £  strongly  continuous  semigroup  i_n 
H  for  which  Assumptions  A  and  B  are  satisfied  and  let  b  ^  an  admissible  cent lo i 
distribution  element  with  bounded  coefficients  (1.7).  Suppose  that  the  eigenva I  ties 


i  +  iOj^  of^  A  possess  the  following  "{^arabol  ic  property :  L^ip_r' 

are  positive  M  and  G  such  that,  whenever  R  -  i  >  G ,  aj_  mos  t 

Mih  -  r)  o£  the  nuitlieis  'Ip^I  +  i  jtJ,  lie  in  the  region  t  ^  z  '  R  o^f 

the  complex  p 1 ane .  Then  for  1  oca 1 1 y  square  i ntegrable  u,  (1.8)  def ines  a  unique- 
element  **  for  b  _  0  and  the  function  x  :|0,(X5)  '  H  cont  inuous  witf. 

respect  to  the  toiology  of  11. 


Remarks  The  assumption  that  A  generates  a  strongly  continuous  semigroup  alrcad', 

guarantees  that  there  is  some  real  numljer  d  such  that  p.  =  Re()^)  <  p,  je  J 

(see,  e.g.,  (6]).  The  {)arabolic  density  requirement  is  not  unduly  restrictive, 

being  satisfied  by  the  eigenvalues  of  generating  operators  associated  with 

most  hyperbolic  and  parabolic  systems  in  a  single  space  dimension.  For  an  example 

of  an  operator  for  which  it  is  not  satisfied,  see  [16]. 

The  requirements  (1 . 22) , ( 1 . 23)  of  Assumption  B  are  not  actually  necessary 

to  the  proof  of  Theorem  1.3  but  will  be  retained  here  to  keep  the  proof  simple. 

The  interested  reader  will  easily  be  able  to  modify  the  proof  to  obtain  a  similar 

result  in  cases  where,  e.g.,  B.  =0  for  some  j.  Note  that  there  is  no 

U  ■  ^ 

assumption  that  the  6.^  are  uniformly  bounded  away  from  zero. 


Proof  of  Theorem  1.3  To  facilitate  the  proof  we  assume  that  the  index  set  J 
has  been  completely  ordered  by  some  order  relation  <  and  has  a  unique  minimal 
element.  Thus  for  any  j ej  there  is  a  finite  integer,  which  we  shall  call  ]i{  , 
such  that  jjj  is  the  number  of  elements  in  J  ^  j.  Obviously 

1  ~~~3  °°  • 

|j| 


We  will  further  assume  that,  the  indexing  is  done  in  such  a  way  that 


>  hJ  .  +  10  , 

'  r  D 


is  nondecreasinq  with  respect  to  [i 


The  essential  step  is  to  show  that  x^(t),  defined  for  il/egi  A  )  by  (1.8), 

extends  to  a  bounded  linear  functional  on  II.  The  requirements  set  forth  in 

Assumption  B  allow  the  work  to  be  carried  out  in  the  context  of  the  operation 
2 

A  defined  on  i  (indexed  by  jeJ,  Z  =  1,2,...,  by  means  of  the  blocks 

.  Rather  than  using  the  change  of  variable  (1.13),  however, 

we  will  use 


M,'l-1 


f. .  =  6.M  e.n. 

3  I  3  J  3  3 


(1.24) 


P^'1-1 


From  (1.22),  (1.23)  the  matrices  uniformly  bounded  with  uniformly 

bounded  inverses.  Thus  we  have  in  place  of  (1.18) 


n.  =  A.n.  +  6.^e.  u,  jej, 
3  3  3  3  3 


(1.25) 


as  the  description  of  our  control  system  in  f.  .  Let  the  semigroup  generated  by 

2 

A  -  diag  (A  ,.A2  ,  .  .  . )  in  £  be  denoted  by  S(t).  Then  the  defining  equation  for 

ri  (t)  is  (cf.  (1.8)) 
u 


(ip,  n  (t))  =  ((/),  s(t)n  ) 

p2  0  ^2 


+  /  (S(t  -  t)*  if,  b)  u(t)  d: 

9 


( 1 .20) 


when  b  is  the  control  distribution  clement  witli  block  structure 


Hj  Up  h ■ 

0 - 0,(^1  ,  U...0,  8^  ,...,  0...0,  B."'  ,... 


-10- 


which  nav  lie  in  i  or  be  an  admissible  control  distribution  element,  i.e., 

a  linear  functional  defined  on  the  domain  of  A*.  Our  hypothesis  on  b  guarantees 

u . 

that  the  6^^  are  bounded,  though  not  necessarily  bounded  away  from  zero. 

"'2 

Let  the  components  of  ti/fil  be  ,  ,  j  f  J ,  2  =  1 ,2  , .  .  .  ,  .  Then  it  is 

easy  to  see  that 


(S  (t  -t)  ijj,  b)  = 
i 

U .  . (t-T)  U.-f 

I  6.^  r  V.  e  ^  (  (t-T)  ^  /(p .-2)  !  ) 

jej  3  e=l  3,^  D 


and  thus 


J  (S(t-T)*ij),  b)  u(t)  di 


sup  I  6 


D 


U  . 
D 


I  I  Iv 

jej  e-1 


j/2' 


_  1_ 

^  t  X  .  (t-T)  p  .-2  _  |2  -^2 

I  I  j  e  ^  ( (t-T)  ^  /(p  .-2) !)u(T)dT I 

jej  2=1  0 


D 


since  the  6.  are  uniformly  bounded,  we  obtain  an  estimate 


t  , 

(S(t-  )*i|/,b)2  u(T)dT 


<  K(t,u)  II  1^11  ,  ipefi  , 

2 


(1.27) 


for  some  positive  K(t,u) ,  if  we  can  show  that  the  numbers 


t  X . (t-T)  r 

S.  /t.u)  =  /  e  ^  (t- 

3'^  0  ' 


t-T)  ^  /(p^-J!)  I  j  U  (T)dT 


are  square  sununable.  Since  the  are  bounded  as  a  result  of  Assumption  h 

the  functions 


u  . -I 

((t-T)  ^  /(Uj-H)  !)u(t)  ,  jej,  t.  =  1,2 . 


constitute  a  finite  set  of  locally  square  integrable  functions  and  it  will  be 


enough  to  study 


t  u . (t-T) _ 

>  (t,u)  =  S.  (t(u)  =  /  e  ^  u(T)dT  . 

3  3*1^^ 


We  carry  out  two  different  estimates,  depending  on  the  location  of  the 

{xjints  in  the  complex  plane.  From  the  remarks  preceding  this  proof,  we 

may  assume  that  A ,  =  p ,  +  ia  e  H  ; 

3  J  DP 


Hp  =  { z  c  I  I  Re  ( z )  £  p } , 


We  let 


R,  =  {zf  H  |Re(z)  <  -1, 

1  p '  — 


"2  =  “p  -  ^  • 


^  ±  arg  /|  Re (z)  1  +  i  dm(z)  ^  ^3  , 


For  those  X^e  R^,  using  the  Schwarz  inequality, 


1 


( J  .2'-:) 


S,(t,u  < 
D 


f  t  0  2a. (t-T) 

J  e  ^  dT 


t  ^2 

/  1u(t)  l^dT  ^  1 — ^  J  1u(t)  I  dT  . 

0  i‘^j'  0 


The  parabolic  density  assumption  shows  that  there  is  a  positive  number  c  such 

that  for  all  X .  =  p  .  +  io .  €  R 
D  D  3  1 


Ip^I  +  i  Ojl  1  cj  j|  . 


i.e.  |p^|  +  |a^|^  >  c^l j|^ 


But  in  R,  ,  1  o  .  1  >  /jp  .  1  .  so 

1  3  -  3 


l0jl>^  hi' 


and  then  (1.28)  shows  that 


I  Is  (t,u)l  < 

jeJ  ^ 

X.eRi 


.  2|  .  .2 
36 J  c  hi 
X.eR, 


J  ju (t)  1  dT , 
0 


=  K  /  lu(T) (  dT  . 
^  0 


(1.: 


On  the  other  hand,  for  e  R^,  we  have 


t  X.(t-T) _ ,  t  io  (t-T) 

1/  e  ^  u(T)d|  <  e  I  /  e 
0  0 


-13- 


9) 


<  e 


e 


u(T)dT 


2 


(1.  v,  '> 


Confitiinq  attention  to  some  finite  interval  ^  1  denote  the 

integer  multiple  of  ^  which  lies  closest  to  the  real  numl'‘i'r  n^,  suhiect  to 

the  condition  Uiat  lui.l  <■  In  1.  Then 

3  -  J 


=  ^  T 

j  T  j 


for  some  integer  which  depends  on  j  e  d.  We  compute 


t  io .  (t-Tl  „  t 

1/  e  ^  u(T)dT|  1  I  / 


io  .  (t-T)  iu  .  (t-T) 


u  ( t)  dT  I 


t  ito  .  (t-  I ) 

+  I  /  e  ^  u (t )  dT 
0 


(1.31) 


Extending  u  from  (0,t|  to  [0,T]  by  setting  u(t)  =0,  t<  t ^  T,  we  have 


t  io).  (t-T)  t  i  —  I  .  (t-T) 

I/e  ^  u(T)dT|=|/  e  ^  ^  u(T)dT| 

0  0 


0 


I  .T 

^  (u(T)d| 


/r  |a 


where  a^  is  the  I,-th  Eourier  coefficient 
den.sity  re<)uirement  w»'  infer  the  existence  of 
at  most  fl  of  the  numlx'rs  n.  correspond  to 
described  abov»',  (irovidcd  that  tlu'  >  =  p  4 

i  i 


of  Ur  I."!!!/?).  Fiom  the  parabolic 

a  [wsitivi'  inteejer  N  such  that 

a  given  (o^  under  the  corresix'ndence 

io  .  f  K  .  since  in  t  hat  region 
3 


-I -I- 


^  1  ^ '  *  2 

I.Oji  ^  ^  ^  ^'^*"  finitely  many  values  of  j.  It  follows 


that 


t  ioo  .  (t-T) 

Z  1/  e  ^  u(T)dTr  <  NT  ||u|r  •=Nt||u|| 

0  L  (O.T]  L  [O.T] 


\  .e 

3  2 


The  other  term  in  (1.31)  is  estimated  by 


t  c  ia . (t-T)  iu . (t-T) 
r  e  3  .e  3 


0 


u(t)  dT 


o .  t 


=  1/  ^  /  i(t-T)  ^^u(T)dT  ds|^ 


u) .  0 

3 


<  jo.-(i).|/  ^IJ  ^^u(T)dT|^  ds 

^  ^  w.  0 

3 


l°j““  J/  ^  l'J(s)  I  ds 

^  w . 

3 


where 


t  . 


is (t-T) 


u(s)  =  J  e*"'"'  ‘'u(t)  dT 


(1.32) 


is,  essentially,  the  Fourier  transform  of  the  function  equal  to  u(t)=  i(t-T)u  (t  ) 


in  [0,tl  and  zero  elsewhere.  Then,  again  using  the  fact  that  at  most  N  of 


the  o.  correspond  to  a  given  w .  =  —  I.,  and  the  fact  that  lo.  -  co.l  <  —  , 
3  jTj  jj  —  T 


we  have 


t  (  10  . 

I  l/o  »  ’ 


t  /  10  .  (t-T  )  1(1)  .  (t-T  )  \ 

e  ^  -e  ^  u (T )  di ] 


A  .( 

J  2 


1  ^  J  |u(s)  1^  ds  =  ^  [271  /  (t-T)^  |u(T)  1^  dr] 


<  4tt^NT||u  11^ 


L  [0,t] 


Using  (1.32)  and  (1.33)  in  (1.30)  and  (1.31)  we  finally  have 


n  .  3  3 ) 


^  ls.(t,u)|^  NT  (1+4tt^)  ||  u  ||  ^ 


L  [0,t) 


A.eR2 


(1.34) 


Combining  (1.29)  with  (1.34)  we  have 


■3  ►  3 

I  |s.(t,u)|  =  I  1/  e  ^  u  (t)  dxl 

j6  J  ^  jeJ  0 


I  -3 - 2  ^  ®  NT(l+47r  ,  ||u  II 

jed  c  |j|  L  [0,tl 

A.f  R, 

'■31 


The  Scune  sort  of  estimate  could  be  obtained  with  u(t)  replaced  by 

hj-2 

((t-T)  ■'  /(y^-Sl)  Iu(t)  . 
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Each  of  the  functions 


(t-T) 


/(Uj-i) I 


u(T),i=l,2,...,Uj;f.  y  can 


2  2 
be  bounded  in  L  (0,t]  norm  by  some  constant  times  the  L  [0,t]  norm  of  u. 

As  a  result  we  see  that  K(t,u)  in  (1.27)  can  be  taken  to  be  some  positive 

multiple  of  the  last  expression  appearing  in  (1.35).  It  is  clear  that,  for  each 
2 

fixed  u  e  L  [0,t] , 


lim  K(t,u)  =  0 
t-K) 


(1.36) 


At  this  point,  then,  it  is  established  that  (ip,  n^(t))  is  defined  by  (1.26)  as 

a  bounded  linear  functional  for  which  extends  to  a  bounded  linear 

2 

functional  on  all  of  H  (the  foregoing  estimate  takes  care  of  the  second  term 
on  the  right  hand  side  of  (1.26)  and  the  first  causes  no  problem  since  S(t)  is 
bounded).  Using  the  strong  continuity  of  S(t)  together  with  (1.27)  it  is  easy 
to  see  that  for  fixed  square  integrable  u, 

II  n^(t)  -  S(t)nQ||  ^  £  some  constant  x  K(t,u) 

£ 

and  hence,  from  (1.36) 

^  2 
lim  n  (t)  =  lim  S(t)n»  =  in  £ 

t-^0^  t-*-0  ^  ^ 

A  similar  argument  shows  that 

^  2 

lim  n.(t)  =  n  (t)  in  £  ,  t  >  0. 

^  i  u  ” 

t-»- 1 
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Using  the  boundedness  and  bounded  invertibi 1 ity  of  the  transformation 
from  the  x  to  the  n  variable  (cf.  (1 . 19) ,  (1 .24) )  we  see  that  our  theorem  is 
proved . 

That  the  operator  A  with  the  block  structure  ,V  ,  jeJ,  satisfying  Assump 

tion  B  and  with  Re(;^^)  bounded  above  generates  a  semigroup  of  bounded  operators 
2 

on  £  is  a  consequence  of  the  Mil le-Yoshida  theory  [61,(10).  One  might  still 
question  whether  it  is  meaningful  to  speak  of  solutions  of  (J.IO)  since  the  control 


distribution  element  (e^^,  e^, 


,  e.,  ...)  does  not  lie  in  £ 
1 


Thus  one  of  the 

consequences  of  Theorem  1.3  is  that  it  establishes  the  existence  of  a  unique 
continuous  solution  of  (1.10)  for  locally  square  integrable  u,  provided  that 
the  eigenvalues  Xj  satisfy  the  parabolic  density  requirement. 

In  this  paper  and,  hopefully,  in  others  to  follow,  we  accomplish  the  reduc¬ 
tion  of  certain  linear  infinite  dimensional  control  systems  to  an  appropriate 
control  canonical  form  ( [3] ,  [20 [ ,  [23] ) ,  i.e.,  a  scalar  functional  equation  with 
the  same  control  Jordan  form.  We  summarize,  briefly,  our  development  of  this 
program  in  the  remaining  sections  of  the  present  paper  which  is  devoted  to 
augmented  and  deficient  hyperbolic  systems. 

In  Section  2  we  provide  definitions  and,  we  believe,  significant  examples, 
of  what  we  mean  by  augmented  and  deficient  hyperbolic  systems.  Then  we  proceed 
to  the  machinery  which  is  needed  to  develop  the  control  canonical  forms.  In 
Section  3  we  introduce  the  Hilbert  spaces  H'''[a,b]  (Sobolev  spaces  when  n  2l  0) 
for  an  arbitrary  integer  n,  positive,  zero  or  negative  and  extend  the  theory 
of  non-harmonic  Fourier  series  to  include  uniform  bases  for  such  spaces.  Then 
in  Section  4  we  study  scalar  linear  neutral  equations  of  finite  order  (the 
order  can  be  negative!)  and  show  their  relationship  to  the  spaces  developed 
in  Section  3.  Section  5  is  devoted  to  the  description  of  these  scalar  linear 
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neutral  equations  in  a  form  comparable  to  (1.10),  with  particular  emphasis 
on  estimating  the  control  distribution  coefficients.  In  Section  6  we  show  how 
these  scalar  linear  neutral  equations  play  the  role  of  control  canonical  forms 
for  augmented  and  deficient  hyperbolic  systems  and,  using  these  control  canonical 
forms,  we  obtain  results  similar  to  those  obtained  in  [20]  regarding  the  place¬ 
ment  of  eigenvalues  when  u  is  synthesized  in  a  system  (1.1),  which  is  of 
augmented  or  deficient  hyperbolic  type,  by  means  of  continuous  linear  state 
feedbac)<. 


u  =  (x,f)  ,  f e  H. 

H 


The  wor)<  of  Sections  3-6  is  carried  out  in  the  context  of  simple  eigenvalues, 
where  each  of  the  bloc)ts  in  (1.11)  is  replaced  by  the  scalar  X..  The 

theory  extends  equally  well  to  the  case  where  finitely  many  of  the  multiplicities 


are  greater  than  one.  The  modifications  necessary  to  do  this  are  reviewed 
briefly  in  Section  7. 


i 


2 .  Examples  of  Augmented  and  Deficient  Hyperbol ic  Systems 

In  [20]  we  studied  a  class  of  linear  hyperbolic  control  systems  of  the 


3  Cwl  fo  ll  3  fwl  fw"* 

3l  [vj  ■  [l  oj  37  [vj  ■  [vj  * 


0<x<l,  t>0 


where  w, v,u  are  scalar,  A(x)  is  a  continuous  2x2  matrix  and  g(x)  a  two 

2 

dimensional  vector  function  in  L^IO,!).  The  boundary  conditions  were  assumed 
to  have  the  form 


a  (0,t)  +  b  v(0,t)  =  0,  a,w(l,t)  +  b  v(l,t)  =  0, 


for  scalars  a^,  b^,  a^,  b^  such  that 


_  1*1  - 


The  simplicity  of  the  development  in  that  study  arose  from  the  fact  that  tlie 
eigenvalues  of  the  operator 


0  1  3  w  ,  w 

1  0  3x  V  v 


with  the  boundary  conditions  (2.2)  take  the  form 


1  r  1  I 

■  2  ^  ■[yi'  ' 


jcj={j|-oo<j<oo}  , 
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and,  as  a  consequence  (see  [14),  [12],  [24],  [19]  the  exponentials  e 

2  2 

form  a  uniform  basis  for  b  [0,2]  (equivalently,  for  L  [-1,1]).  Ultimately, 
every  argument  of  the  paper  was  based  on  this  fact.  In  [20]  all  t-igenval  u-.-s 
were  assumed  simple  but  the  worl:  carries  over  with  very  little  modification 
to  the  case  where  r  groups,  each  consisting  of  n^  eigenvalues  ^ ,  art- 
replaced  by  r  multiple  eigenvalues  of  multiplicity  .  In  Section  7  of  this 
paper  we  discuss  the  modifications  that  are  necessary  for  multiple  eigenvalues. 

It  is  not  difficult  ot  find  hyperbolic  systems  which  do  not  fit  this  pattern. 
Very  simple  examples  may  be  obtained  by  considering  the  second  order  system. 


With  V 


(2.4)  has  the  first  order  form 


If  we  take  0,  0  1 1  nav  b<.  seen  that,  the  eiqenvalues  of  the 


operator  L  in  (2.7)  take  the  form 


]TTl  +  I? 

i  3 


oo  <  3  <  OO  , 


together  with  an  additional  eigenvalue  which  we  will  designate  as  q.  This  addi¬ 
tional  eigenvalue,  o,  cannot  be  included  in  the  sequence  (2.8)  withoH.t  disturb¬ 
ing  the  indicated  asymptotic  relationship  between  the  and  the  iTii.  This 

is  the  situation  if  there  are  no  multiple  eigenvalues.  If  we  take  b  ^  0, 

o 


^  o  ~  ^1  ~  have  eigenvali 


ij“jTli,  -oo<j<oo, 


^0  ~  ^  multiplicity  two.  In  the  case  of  simple  eigenvalues  the  relevant 


exfxinentials  are 


>  .t 

-oo-'j<oo,  e^^*". 


2  A  .  c 

These  are  not  independent  in  L  [0,21  because  e  ^  -  oo  <  j  <  oo ,  already 

form  a  basis  for  that  space.  The  set  (2.9)  thus  consists  of  a  basis  for  l.^|-l,: 
augmented  by  a  further  exponential  function.  In  the  case  wliere  =  0  is  an 
eigenvalue  of  multiplicity  2  the  relevant  functions  are 


1 


0  <  k  OD  ,  .  (2.10) 

2 

Tho  fiisr.  qrouf  already  forms  a  oasis  for  L  [-1,11  and  the  whole  set  (2.10) 
thus  consists  of  a  basis  auqmentod  by  another  function,  namely  t.  Wo  again 
say  that  such  a  system  is  an  augmented  hyg.erbolic  system. 

Here,  for  the  record,  are  the  formal  definitions. 


Def inition  2 . 1  A  system  (1.1)  satisfying  Assumptions  A  and  B  o£  Section  1 

is  a  deficient  hyperbolic  system  if  the  generalized  exponential s  (corresponding 
to  the  multiplicities  ^  the  ^  eigenval ues  of  A) 


(u  .-^)  ! 
D 


X  .t 


je  J ,  ?.  =  1,2,...,  y  , 
D 


(2.11) 


are  not  complete  in  L  [-a, a]  for  some  a  >  0  but  become  £  uni  form  basis  for 

that  space  with  adjoining  of  finitely  many  additional  general ized  exponential 

functions .  Such  a  system  is  an  augmented  hyperbolic  system  if  the  set  (2.11)  is 

2 

not  independent  in  L  [-a, a]  for  some  a  >  0  but  becomes  a  uniform  basis  for 

that  space  on  the  removal  of  f initely  many  functions  from  the  set.  The  number 

of  functions  wnicf.  must  oe  ad joi.ned  (removed)  is  the  index  of  deficiency  (aug- 

2 

mentation)  .  ^  tne  set  '2.11)  ^  £  uniform  basis  for  L  [-a ,a J  for  some  a  >  0 

the  system  (1.1)  ^  said  to  be  an  exact  hyperbolic  system. 

Systems  (1.1)  satisfying  Ass'i.mptions  A  and  E  are  approximately  controllable 

2  2 

((5))  in  time  2a  with  controls  in  L  [0,2al  (or  L  [-a,al)  if  they  are 
deficient  or  exact,  uniquely  controllable  if  exact.  Augmented  systems  are 
not  approximately  controllable  in  time  2a.  (see  [19],  [22]). 

We  proce'^d  now  to  give  some  further  examfdes  of  augmented  and  deficient 
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systems  which  d''C  likely  to  bo  of  importance  in  a[.p  1  i  .at  ions . 


We  consider  again  the  system 


with  the  same  assumptions  as  before — except  as  regards  the  boundary  condition 


as  we  will  explain  presently.  A  suitable  physical  analog  for  this  system  is 


that  of  a  transmission  line.  In  the  context  of  this  analogy  one  is  remind'  i 


that  transmission  lines  do  not  exist  by  themselves — they  are  usually  coujd  ed 


to  electronic  sending/receiving  devices  at  each  end.  Supposing  these  devices 


to  be  physically  small  so  that  delays  in  signal  propagation  within  the  devices 


themselves  are  negligible,  we  may  represent  their  dynamics  by  finite  dimensional 


systems  of  ordinary  differential  equations.  We  therefore  consider  a  composite 


system  consisting  of  (2.12)  and  the  systems 


together  with  boundary  conditions  to  be  satisfied  by  solutions  of  (2.12 


Here  ,  Gq  ,  are  constant  mat 

X  2,  X  2,  the  coefficients  a^ , 

the  transpose  of  the  indicated  vector. 
2  n 

is  ^  ~  *-'2  X  K  and,  with  y(t) 

system  takes  the  form 

y  =  Fy  +  qu ,  y ,  g  e  Y , 

F  being  the  operator  defined  by 


defined  for  y^  E  y^  e  E  ^  and  (w, 
of  the  form  (2.15),  (2.16). 

It  would  lead  us  too  far  astray  to 
value  problem  for  the  operator  F.  For 


can  be  solved  explicitly  to  yield 

w(x)  =  ae  +  3e  ,  v(x)  = 


ices  of  dimension  x  n^^,  ti  ^  x  n^, 

^0'  “^1  '  ^1'  ^^tisfy  {2.j)  and  ‘  ;  j.'  • 

Letting  n  =  n  +  n  ,  t  iie  state  ,  ■ 

o  ] 

=  (w(-,t),  v(-,t),  yQ(t),  Yjlt))  til. 


0  f  H^lO,!)  satisfying  boundary  conditK'n 

give  a  complete  discussion  of  t  lu  oi  l.  li¬ 
the  case  A(x)  =  0  however,  tlio  t'guat. ;  o: 


Ax  -Ax 
-  Be 
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rhr  r.olutions  of  (2.1H)  would  bo  t.ho.';<  of  bf  .  < .  .)  j 


one  may  use 


Kouulif's  theori'tn  tr'  that  the  solution  of  (2.18)  are  asymptotic  to  those 


obtaitifd  in  this  simpler  case.  A  sliqhtly  more  sophisticated  use  of  Rouche's 


theorem  allows  one,  in  fact,  to  see  that  this  remains  true  even  for  a  general 


continuous  2x2  matrix  in  (2.12) 


To  summarize,  the  eigenvalues  of  the  operator  F  have 


The  eigenvalues  of  F  consist  of  complex  numbers 


together  with  n  =  n  +  n,  additional  complex  numbers 


At  most  finitely  many  of  these  eigenvalues  may  have  multiplicity  >  1 


Without  loss  of  generality  they  may  be  included  in  (2.19),  repeated  as  often 


as  their  multiplicity  indicates,  since  finite  repetitions  or  the  exchange  of 


elements  between  the  sets  {X.},  {o  I  does  not  disturb  the  asymptotic  rela 


tionship  exhibited  in  (2.19).  It  should  be  observed,  however,  that  the  {okI 


cannot  be  included  in  the  {X.}  while  maintaining  (2.19) 


It  is  not  difficult  to  demonstrate  the  uniform  basis  property  of  the  eigen 


functions  of  F  —  at  least  when  A(x)  i  0  and  the  eigenvalues  are  distinct 


but  this  would  carry  us  too  far  astray  to  include  it  here.  Thus,  provided  the 


control  flistribution  element 


g  )  is  such  that  the  condition  corresponding 


to  (1.5)  is  met,  (2.12)  -  (2.16)  provides  an  example  of  an  augmented  hyp'  r!  '  ! i 


We  turn  now  to  an  example,  really  an  infinite  class  of  examples,  of 


of  deficient  hyperbolic  type.  In  [0]  there  appears  a  study  of  the  control  s 


where  is  the  disc  of  unit  radius  in  R  and  P  is  its  boundary,  the  unit 


circle.  The  control  function 


employ  the  usual  separation  of  variables  technique 


there  results  an  infinite  collection  of  partial  differential  equations  in  r,t 


w  (0+,t)  bounded 


w  (0+,t)  bounded 


Let  us  study  one  of  the  systems  (2.22)  ,  (2.23)  for  a  fixed  positive  integer  V. 


We  may  represent  the  homogeneous  system  in  first  order  form  by 


where 


is  an  unbounded  positive  self  adjoint  operator  on  the  Hilbert  space 


with  inner  product 


The  operator  A  generates  a  strongly  continuous  group,  S(t),  of  bounded  onern'-o 


on  the  Hilbert  space 


jrut  t  li<  cor  respond  inq  (>ic(cnvoctors  of  A: 


-sgn  (H) 


\i"^' 


,  ^  =  +  1 ,  +  2 ,  . 


may  be  seen  to  form  a  uniform  basis  for  H.  From  the  fact  that  ((y(t),  z(t)), 
(y(t),  z(t))^j  is  constant  when  (y,z),  (y,z)  are  solutions  of  (2.26),  (2.27), 
it  may  be  inferred  that  A  is  an  unbounded  antihermitian  operator  on  H,  i.e.. 


A  =  -A. 


The  domain  of  A  consists  of  (y,z)  such  that  'z,Ly)  f  H,  z(0+)  bounded, 
y(0+)  bounded,  y'(l)  =  0. 

Suppose  w  (r,t),  w  (r,t)  satisfy  (2.22)  and  (2.23)  and  the  corresponding 
K  K 

homogeneous  system  with  i  0,  respectively.  Defining  y,z,  y,z  as  in 

(2.27),  for  initial  states  (y(0),  z(0)),  (y(0),  z(0)  in  the  domain  of  A  and 
smooth  verified  that 


((y  ( •  f  t)  ,z  ( •  ,t) )  ,  (y(*,t),  z(-,t)))  =  z(l,t)u  (t)  . 
dt  H  1< 


Thus  the  inhomogeneous  system  (2.22),  (2.23)  may  be  represented  in  the  form 


1-  fy 

dt  I  z 


=  A  ^  +  bu(t) 

z 


(2.29) 


where  b  is  the  linear  functional  defined  on  the  domain  of  A* (=  “A)  by 


(S’ 


b  \  =  z(l)  . 
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rhu  control  distribution  coefficients  are  the  numbers 


-sqn  (1)  R, 


k,il 


lu 


k,  H 


If  Wj^(r,t)  is  represented  as 


oo 


3w  oo 

(r.t)  =  I  Zj(t)  R^jj(r) 


3t 


£=1 


it  may  be  seen  that 


w  (r ,t) 
k 


3w,. 


3  t 


(r,t) 


oo  r 

=  I 

a=i 


and  (2.29)  is  equivalent  to 


d_ 

^e' 

f  0  l] 

’  ^e' 

+ 

0 

dt 

' 

O 

> 

1 

u^(t)  , 
k 


1,2,... 


Letting  ^  =  n^, 


(2.31)  becomes 


0  ui 

f  ' 

1 

0 

d 

i 

k  <  i 

.. 

*” 

+ 

dt 

'(a 

[  k,H  0  J 

^k ,  P  n ) 

and  then  with 


we  finally  have  the  form  equivalent  to  (1.10)  of  Section  1 


[  kp,  ^ 

/T 


u  (t) 
k 


/T 


(2.32) 


For  a  given  k  =  1,2,...  it  may  be  verified  (see  14],  [27])  that  the  R^-(’.  i 

are  uniformly  bounded  and  uniformly  bounded  away  from  zero.  As  for  the  oj  .  , 

^  /  ' 

it  is  known  ([7], [27])  that  they  are  separated  by  an  interval  of  at  least 

It  follows  that  the  hypotheses  of  Theorem  1.3  are  all  satisfied  and  b,  appearin  : 

in  (2.29),  is  an  admissible  control  distribution  element,  the  solution  of  (2.32' 

2  .2 

being  continuous  in  I  for  an  initial  state  in  i  and  Uj^  locally  square 
integrable.  Since 


w^(-,t) 


3t 


(•,t) 


00 


I  (In.i"*  Iqb). 
«=1  ^ 


we  conclude  that  the  solution  of  (2.29)  is  continuous  in  H  for  any  initial 
state  in  II  and  u  locally  square  integrable.  Finally  we  construct  from  tin 
systf’ms  (2.221,(2.23)  certain  composite  systems  which  are  deficient  hyperbol ic 


sysrc-n.-^.  Wt'  h.iv<^  .ilre.jily  noted  that  the  zeros  of  3“-’  f'eparated  by  an 

interval  of  length  at  least  egual  to  -n .  In  fact,  the  interval  approaches  7. 
length  since  (127),  Chap.  XV,  Section  IS. 51)  the  ;-th  positive  zero  of 
IS  given  asymptotically  by 


‘V  ,=  ( !  +  T  -n  . 

k ,  H  2  4  i 


and  there  are  (Ibid.,  Section  15.4)  exactly  f  pxisitive  zeros  of 

between  the  imaginary  axis  and  the  line  Re(r)  =  (i  +  j)<+-Y)Il.  The  pi  e-'cnc 

of  the  term  —  1<  here  shows  that,  to  include  a  fixed  numiier  of  zeros,  progress!  ’ 

longer  intervals  must  be  used  as  k,  the  order  of  the  Bessel  function  involved, 

gets  larger.  This  indicates  that  we  might  expect  tlie  systems  to  be  deficient 

with  ever  higher  indices  of  deficiency  as  k  increases.  Unfortunately,  no  si  :le 

system  (2 . 22) ,  (2 . 23)  will  serve  as  an  example  because,  however  deficient,  exponen- 
-^‘^k ,  4  t 

tials  e  ,  with  the  ,  having  the  as^Tnptotic  form  (2.33),  cannot  be 

included  in  a  uniform  basis  by  adjoining  other  exponentials.  liie  case 


"k.y  » *  j  “  -  ji- 


with  k  even  is  given  as  an  example  by  Levinson  in  (121  to  show  that  liis  famou 
ir/4  limit  on  perturbat  ions  of  exponents  from  integer  multii'lcs  of  it  cannot  ! 
imt-roved  uix-jti  if  the  resulting  exponentials  are  to  form  a  uniform  basis. 

To  construct  our  examples  we  group  the  systi'ms  (2.22),  (2.23)  in  pairs 


k=0,l,  k=2,3. 


k  =  2i  ,  2 j  +  1  ,  .  .  .  .  In  the  comixasite  system  formt'. 


from  12.22),  (2.23)  with  k  =  2j,  2j  i  1  we  require 


u-.(t)  U.(t)  . 

2l  2i+l  j 
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Wo  now  have,  in  place  of  (2.32) 


n , 

K 

II 

2j  +  l,5. 
0 


■^“2j  +  l,Jl| 
) 


1  R  AD/^ 
23+1  ,  A. 


U. (t) ,  ^  =  1,2,3. 


(2.34) 


For  each  j  the  totality  of  ex{X)nents  appearing  on  the  diagonals  of  the  matrices 

in  (2.34)  for  =  1,2,3,...  constitute  a  set  +  iw .  with 

-  3 


0).  =(2j  +  n  +  -^):^+  e'(-),  n=l,2,3,... 

3 ,  n  2  2  n 


Here  the  t.  differ,  asymptotically,  by  multiples  of  —  and  the  set 

+  luJ  . 

of  exponentials  e  can  be  augmented  to  form  a  uniform  basis  for 

2 

[,  1-2,21.  The  numlier  of  exponentials  which  must  be  adjoined  is  4j+2>  j  =  0,1,2, 
Thus  the  j-th  system  (2.34)  is  a  deficient  hyperbolic  system  with  index  of 
deficiency  4j  2  . 
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We  introduce  here  some  spaces  which  will  be  cent  ral  to  the  work  ot  ti.i--  ; 

and  establish  some  of  their  properties.  By  H*^la,b),  m  an  integer  >  1', 

we  designate  the  space  of  complex  valued  functions  z;[a,bl  -*■  I  which,  togeth'  : 

(k) 

with  their  derivatives  z  k  =  1,2,...,  m,  defined  in  the  sense  permitted 

by  tile  theory  of  distributions,  lie  in  L^(a,bl  '  H°(a,bl.  It  is  well  known  11 
that  these  are  Hilbert  spaces  with  the  inner  product  and  norm 


[z.zl 

m 


,,  , 

I  f  z  (t)  z  (t)  dt 
k=0  a 


I 

zl  =  ( [z.zl_) ^ 

m  m 


(1.1) 


(3.2' 


This  is  the  traditional  formulation  of  these  spaces  but  it  is  not  particularly 

convenient  in  applications.  The  inconvenience  lies  in  the  fact  that  the  "coordi- 
(k) 

nate"  functions  z  ,k  =  0,1,2,.. .,m,  cannot  be  indep>endently  specified.  This 
leads  to  substantial  computational  difficulty  in  compiuting  adjoints  of  op'erators, 
for  example.  Thus,  rather  than  representing  elements  of  H^fa,b]  in  terms  of 
the  n-tuple  of  functions  (z ,  z '  ,  .  .  .  ,z  we  select  a  point  cela,bl  and  rcirosirt 

z  by 


(z (c)  ,  z '  (c)  ,  . . . ,  z 


(m-1) 


(c) 


rn  /  %  » 
z  ( • )  ) 


the  first  m  of  these  being  complex  numbers,  the  last  a  function  in  l.“la,ld. 
It  is  clear  that  each  element  z  of  H'''la,bl  may  be  uniquely  specified  this  wi. 
and  that  z(c),  z'(c),...,  z  ^Nc),  z™(0)  mav'  be  selected  independently  to 
construct  elements  z  f  H'''[a,bJ.  This  shows  H'''la,bl  to  be  equivalent  to  tiio 


space  £■"'  x  L^{a,bl-,  indeed,  the  nap  F;e"'  x  L^Ia,b]  -• 


F(h^,h, . h  ,  ,h  (•))  (t)  = 

0  1  m- 1  m 


ho  t  h^(t 


c) 


+  h2(t  -  c)  /2 


h  (t  -  c)  /(  rn  -  1) 
m- 1 


+ 


(-1) 


m-1 


(m-  1)  ! 


0 


h  (s)  ds ,  t  e 
m 


la,bl , 


defines  an  algebraic  and  topological  isomorphism  between  the  two  spaces.  It 
follows  that  the  inner  product  in  H^[a,b)  defined  by 


m-1 


(z,z)  -  z  (c)  z  (c)  +  /  z  (t)  z  t) 

rn  .  ^ 

k=0  a 


(3.31 


is  such  that  the  related  norm 


I!  =  ( (z,z)_) 


(3.41 


defines  a  topology  H'"[a,b]  equivalent  to  the  one  defined  by  (3.1),  (3.21. 

The  dual  space  H'"la,bl*,  the  space  of  continuous  linear  functionals  i-n 
H"'[a,b] ,  may,  of  course,  be  identified  with  H^[a,b]  itself.  We  choose  not  to 
do  this,  however;  instead  we  follow  a  procedure  now  familiar  from  the  work  [131 
of  Lions-Wagenes  and  othersfll]  ,  [15]  .  The  map  J:H"'fa,b)-‘  L^[a,b]  defined  as 

the  injection  of  H"'(a,b]  into  the  larger  space  L^[a,b]  is  clearly  continuous 

2  2 
and  one-to-one  with  dense  range  in  L  [a,b] .  It  follows  that  for  each  f  c  i  [a, 

b  _ 

<  z,  f>  =  /  z(t)  f  (t)  dt  =  (z,f)  2  ,  z  e  H’''’[a,bl  , 

a  L  [a,bl 

defines  a  continuous  linear  functional  on  H'''[a,b].  We  define 
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sup  f  I 

111 ,  ,  ,  i  1  <  ,  t  >  I 

1-  f  1(  lu.l'l  1  -  *  — 

z  /  0 


uiul  vi'tify  iMsily  thut  jj  lit'fiiu's  a  noi  iii  on  l.*|a,l'l.  i:xo('pt  for  tli>' 

oaso  III  0,  r'la.l!)  is  not  i-omploto  witli  loMpoil  to  t  li  i ;;  noim.  Wo  ciotino 

t  ho  dual  of  ll"'|a,h|  with  i  oupoot  t.o  l,"la,h|,  to  l>o  t  ho  oomplotioii  ol 

.1  Ill 

1.  la, 111  with  I  ospoot  to  till',  norm.  haoli  oloiiiont  of  P  la.h]  t  lius  oori  osponds 

to  a  i.oviuonoo  If  I  ■  1.'  |a,h|,  fauoliv  with  ti'spoot.  to  .  'I'ho  noi  in  in 

1.  •  '  I' 


1)  |a,h|  is  tin'  ono  induoi'd  hy 


as  alroady  lioliiiod  <in  I.  |.i,l)|: 


1  i  III 
k  '  ui 


k  "-m 


(  i.M 


horo  ;>  IS  I  ho  ('loiiiont  ot  P  |a,h|  idoiuil'iod  with  I  ho  so.|iioii<-o  I  i.  I  i'U'* 

K 

dos.'iiPod.  'Pho  hilinoai  toiiii  Ir,','-)  is  dotinod  loi  <.'>  <  p"la,l)|  Py 


<  I  1  ill  <  ;• ,  t 


(  ''.o' 


II  may  ho  vor  1  I  i  od  I  hai  (  t .  id  a i  o  i  ndopondonl  ol  I  ho  oho i  oo  o  f  ^  ^ 

within  I  ho  olass  of  I'pii  i  va  I  onl  I’aiiohy  'a-iiiionoos .  It  is  known  that  p'''la,h|, 

as  lust  I'onst  I  not  od  ,  is  a  1  pobi  a  i  I’.i  1  I  y  and  t  opo  1  op  i  oa  1  1  \'  and  isomoiphio  to 

'U  |a,h|*.  I'no  may  idontily  p'  |a,h|  with  a  oorlain  vi'ol  oi  spaoo  of  distiihu- 

— N. 

lions.:’  I  ho'io  h.iviini  I  ho  I  I'l  m  (not  iinr|uo;  o  ooiild  ho  lopl.iood  hy  ,iny  ot  hor 
po  1  III  in  I  I  ,h  I  ,  o  .i|  .  ) 


d""’  1  o  A  to  I...!  o  o"’’-” 

'  V’  O  O  1  O  111-  1 


I  -  '  '  I .  I .  I  ,  h  I  .  ind  lot  o.loh  '  II  1 .1 ,  h  1 


-  1,1- 


,  (.Ti'x  C  (n>)  ,  ,  , 

'  ,  d  '  =  '  ( s )  v  ( s )  d  s  , 


whiJt'  ,  etc.,  refer  to  t-lio  Dirac  distribution  with  support  at  a  point 

i' 

c  I  la,b|  and  its  distributional  derivatives. 

We  1 roceed  next  to  define  the  spaces  H*^|a,b)  for  m  ■  0.  To  avoid  confusion 
it  IS  preferable  to  take  m  >  0  and  refer  to  the  space  as  H  '"la.bl.  The  defini¬ 
tion  beuins  with  specification  of  D  ™|a,bl: 


D'''|d,bl  =  {zen^|a,bl|z(a)  =  z(b)  =  z'(a)  =  z'(b) 


.  .  .  =  z  (a)  =  2  (  (b)  =  0 } 


This  space,  of  course,  is  often  referred  to  as  HQ[a,b].  Again  the  injection 

J:D  ™ [a ,b I  (  =  Hq [a  ,bl )  ■  I,^[a,b]  is  continuous  and  one  to  one  with  dense  range. 

Wo  define  H  ''^[a,bl,  m  =  1,2,3,...,  to  be  the  dual  of  D  ''^|a,b]  with  respect 

to  L^[a,b|,  formed  in  the  same  way  as  D'''(a,bl  was  earlier  constructed  as  the 

dual  of  H'''la,bl  with  respect  to  L^[a,b|.  It  is  not  hard  to  see  that  H  "'[a,b] 

is  a  subspace  of  p'''la,bl  complementary  to  the  2m-dimensional  subspaco  of 

D^|a,b|  spanned  by  the  Dirac  distributions  <5  ,  6  ,  iS '  ,  (S '  .  .  .  ,  6^^  . 

ababab 

We  are  particularly  concerned  with  the  construction  of  uniform  bases  for 

the  sfjaces  H^[a,b),  11  '''[a,bl  which  consist  of  generalized  exponentials 
i  t  A  t  t  ^  i  t. 

e  ,  te  ,  —  e  ,...  .  To  carry  out  this  study  it  will  be  convenient  to 
normalize  the  interval  involved  by  supposing  that  a  =  -1,  b  =  1,  and  c  =  0. 

The  reader  will  be  familiar  with  the  standard  results  (  [  14 ]  ,  [  1 21  ,  [  24 1  ,  1  Ih]  ,  [ 1 7 1 ) 


'•oncf-rniiKj  "nonharmonic  Fourier  series"  in  I.  f-1,1].  Suppose  {A.|  -  oo  <  j  <  oo  I 
is  a  seguence  of  distinct  complex  numix'rs  such  that 


-  3')- 


inf  [  s\ii)  1^  ,  -  (u  +  <  P 


.7  jf.7 


wliere  J  denotes  any  finite  subset  of  d  =  {j  )  cd  <  j  <  oo  (  and  u  is  an 

arbitrary,  but  fixed  relative  to  j,  complex  numiier.  Then  the  exi^onent  i  a  1  s 
A  .t  2 

e  '  form  a  uniform  basis  (cf.  (1.2),  (1.3))  for  L  |-1,1|.  It  is  known  that 

the  tt/4  in  (3.7)  is  best  [xissible  (12).  It  is  clear  that  (3.7)  is  true  if  the 

X  have  the  property 

j 


.=  a  +  jui  +  e^,  I  ]c 
j=-oo  ^ 


<  oo  , 


and  this  is  the  case  of  greatest  interest  to  us.  There  are  many  instances  cf 
uniform  bases  of  exponentials  where  the  Aj  do  not  satisfy  (3.7).  We  hope  to 
discuss  some  of  these  n  another  article.  It  is  not  hard  to  show  using  the 
ourier  transform  methods  of  [12],  (14]  that  finitely  many  exponentials 
may  be  replaced  by  an  equal  number  of  generalized  exponentials 


A  .  t 

e  ,  te 


(u,  -  1) 


A  .  t 
3 

r 

e  ,  te 


'  (h  -  D! 
r 


provided  that  all  A^  remain  distinct,  without  changing  the  uniform  basis  pro¬ 
perty.  There  are  cases  (see  e.g.  (26)  of  uniform  bases  containing  infinitely 

fii  ^  ^ 

many  generalized  exponentials.  In  all  cases  it  is  assumed  that  when  — -  c 

n ! 

t^  At 

is  present,  then  —  e  are  also  present  for  j  =  0,...,n  -  1. 

Our  immediate  objective  is  to  extend  these  results  to  the  spaces  h'"i-1.1I 
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and  H  "'[-1,11,  m  =  1,2,3,...  .  We  will  state  and  prove  the  theorem  for  ♦-h'- 
case  of  distinct  exponential  functions  but  the  results  remain  true  where  gen¬ 
eralized  exponentials  are  present  also.  We  are  reserving  detailed  discussion 
of  generalized  exponentials  to  Section  7. 

Theorem  3 . 1  Let  J  be  a  general  countable  index  set,  as  used  in  Sections 

1  and  2 ,  and  let  A  =  {A.]jeJ)  ^  a^  sequence  of  distinct  comp/lex  numbers 

A  ,s  ^  2 

such  that  (i)  Ijfj)  forms  a  uniform  basis  for  L  1-1,11  and 

(ii)  'l  ([a.]  +1)  <  CO.  Let  Z=  {a^  ,o  ^ , .  . .  be  a  set  of  distinct 

jej  ^  ^ 

complex  numbers  not  included  in  A.  Then 

as  A  .s 

E  =  {e  ^  ,  e  ^  /p(A.) |j e  J,  k  =  1 ,2, . . . ,m} ,  (3.8) 

/\,  L  J 

m 

p(A)  =  n  (A  -  a  ) ,  (3.9) 

k=l  ^ 

is  a  uniform  basis  for  . 

Proof  In  every  case  known  to  this  author  where  (i)  is  true,  (ii)  is  also 
true.  Since  a  cursory  search  of  the  literature  reveals  no  theorem  precisely 
to  this  effect,  however,  we  state  it  as  an  assumption  here. 

Proof  of  Theorem  3.1  We  form  the  m-th  order  differential  operator  L 
defined  by 


m 

Lw  =  II  (D  -  a,  I)w  ,  (3.10) 

k=l 

where  (Dw)  (s)  =  ,  sf  1-1,11.  Then  for  an  arbitrary  ze  h'^[-1,11, 

ds 
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and,  from  th<e  uniform  basis  property  of  E 


the  series  converyent  in  L  [-1,])  and  (cf.  (1.3)) 


Now  the  inhomogeneous  differential  equation  Lz 


solution 


wliere  p(\),  given  by  (3.9),  is  the  characteristic  polynomial  of  L  shown  in 


Then 


where  z  ie  the  solution  of  Lz  =  0  with 


wut-ro  tnt'  I  are  chosen  so  that  (3.15)  satisfies  (3.13),  i.e.,  usinq  the 
faniliar  Vandermonde  matrix 


z(0)  -  z(0) 


z'  (0)  -  z' (0) 


(a  )  i  c 

m  j  m 


(m-1)  " (m-1) 

z  (0)  -  z  (0) 


Combining  (3.13)  and  (3.15)  we  have 


(3.16) 


m  a,  s 

z(s)  =  e  +  I 

1<=1  ie 


f  .  A  .  s 

y  - 3_  e  3 

P(i> .) 

3eJ  ^  3 


(3.17) 


Using  the  convergence  of  (3.11)  in  L  [-1,1]  together  with  familiar  regularity 
theorems  for  solutions  of  Lz  =  f (details  below)  we  are  able  to  conclude  that 
the  series  (3.17)  converges  in  h"'[-1,1].  Thus  the  set  E  ^  is  complete  in 

/\f  2* 

that  space. 

It  remains  to  establish  the  property  (1.3).  From  the  uniform  basis  property 
2 

of  in  L  [-1,1]  we  have  (3.12)  for  positive  numbers  d,D.  Let 


m  os 

i  *  J 

k  =  l  ^  h 


f  A  .s 

y  - L  e  3 

'llK 


(3.18) 


be  the  solution  of 


A  .s 

Lz  =  f  f  I  f  e 

lil.K  ' 
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such  that,  with 


we  have 


(3.19)  is  equivalent  to  the  c. 


Then  for  £ 


From  our  assumption  (ii)  the  sequences 


m  -  1.  Using  the  Schwartz  inequality  in  i  we  have 


Now  the  regularity  theorems  for  ordinary  differential  equations  imply  that 


where  c 


Letting  K  ••  oo  ,  using  (3.20),  the  first  inequality  in  (3.21)  and  c  ompara!  ’,- 


inequalities  with  z  replaced  by  z  -  z*  K,  K  arbitrary  positive  intrgr-rs, 

K  K  K 

we  have  the  result  used  earlier,  to  the  effect  that  (3.17)  in  convergent  in 
[  - 1 , 1 1  and 


-2 

c 


h"*  (-1,11 


m 

1  I 

k=l 


-  I 

jej 


(3.221 


for  some  c  >  0.  To  obtain  the  corresponding  inequality  in  the  opposite  direc¬ 
tion,  we  note  first  of  all  that 


Lz 


L"  [-1,1] 


L  [-1,1] 


so  that,  using  (3.12) 


I  If  |"iD"||L.f 

jeJ  h"'[-1,1I 


But,  from  the  form  of  the  operator  L  it  is  clear  that  for  some  B  >  0 


Lz 


L  [-1,1] 


1"'  ll^ll'm 

H  [-1,1] 


Thus 


jeJ 


ICI 


<  D  B 


(3.23) 


From  (3.16)  and  the  nonsingularity  of  the  Vandermonde  matrix 


lIdP 


T  m-l 


(3.24) 


H  1-1,11 


foi'  some  B,  B  >  0.  But,  usiny  the  scjuare  summability  of  ('J  /pdJ, 
i  =  0,1,2,...,  m  -  1 ,  as  wc  did  in  (3.10),  ff.,  toyetlier  witli  tlie  formula  (3.13 
for  z(s),  we  have 


(0)i‘  < 


JCJ  J 


{  3.2‘'-)) 


Usin<j  (3.2-1),  (3.25)  together 


I  llzll^^ 

k=\  ^  H  1-1  ,1  I 


B^  y  if,i' 

t=0  jfj  ^ 


(3.26) 


Finally,  using  (3.23)  twice,  (3.26)  giver. 


If.l  IC' 
jt  J  -• 


11  1-1,11 


(1.271 


Since  each  zf  II  1-1,11  has  the  unique  rcpresentat ion  (3.17)  with  (3.22)  and 

e|.t  \.t 

(3.27)  valid,  wo  conclude  that  tlic  functions  e  ,  Ic  =  1,2,...,  m,  e  ^  /p  ( '.  '  ,  it 
form  a  uniform  basis  for  ll"^!-!,!)  and  tlie  prcjof  is  complete. 

We  turn  next  to  a  comparable  result  for  the  spaces  II  ’’'(-1,11,  m  =  1,2,3,... 
Our  theorem  here  bears  the  same  relationsliip  to  deficient  liyperbolit:  sy.stoms  as 
the  [irecedint?  theorem  does  to  au<jmt'nt,  d  hyi't'rbol  ic  systems,  both  rc'lat  ionslii  I'S 
to  be  ex|)loited  further  in  later  sections. 


Theorem  3.2  Let  { X ^  |  jf  J  1  a  sequence  of  complex  numbers  with  the  pro¬ 

perties  described  ^n  Theorem  3.1.  Let  J  ^  a  subset  of  J  obtained  by 
removing  (any)  m  of_  these  numbers ;  let  that  set  be  designated  as 
■  ~  ^  1  '  ^  ■  Then  the  set  of  functions 


E^_,.  i{p(.\  .)e 


■  s  1  ,  , 

3  I  .If  dni ' 


is  a  uni  form  basis  for  H  [-1,1] 


Proof  We  begin  with  consideration  of  D  "'[-1,1]  =  H^I-l,!]  as  described 


earlier.  We  let 


Ly  =  ir  (D  -  o  I)y,  Ly  =  n  (D-  o  I)  . 
k=l  ^  k=l  ^ 


Now  a  function  yeD  '''[-1,1]  =  Hq[-1,1]  is  completely  determined  by  Ly.  Indeed 


the  map  F:feL^[-l,l]  y  h'''[-1,1]  defined  by 


(Ly)  (s)  =  f(s),  se[-l,l],  y'  M-1)  =  0,  )^  =  0,1,2,...,  m  -  1  (3.28) 


is  bounded  and  one  to  one  and  boundedly  invertible  on  its  range.  The  further 
restriction  necessary  to  obtain  ye [-1,1] 


y'  '  =  0,  1<  =  0,1,2,.  .  .  ,  m  -  1  , 


imposes  certain  restrictions  on  f.  We  are  still  talking  the  A.  to  be  distinct 

(]^-l ) 

so  (3.28)  is  equivalent,  with  8)^  =  7  .  k  =  1,2,...,  m,  to  the  m-dimensional 


first  order  equation 


nj^(-l)  =  0,  k  =  1,2,...,  m.  (3.2y) 


It  may  be  seen  that  ^  0,  k  =  1,2,...,  m.  Prom  the  variation  of  parameters 
formula  and  (3.29) 


(k-1  )  i.  \  / 

n  (1)  =  b  /  e  f(s)ds,  k  =  1,2,...,  m 

-1 


and  we  conclude  yeH^[-l,lI  just  in  case 


1  “Oj^S 

/  e  f(s)ds  =  0,  k  =  1,2,...,  m.  (3.30) 

-1 


Since  the  derivatives  of  order  <m  of  ye  Hq[-1,1]  can  be  expressed  in 

terms  of  continuous  linear  operations  on  by,  every  continuous  linear  functional 
m 

z  on  Hq  [-1,1]  can  be  expressed  in  the  form 


1 _ 

<  y,z>  =  /  t(-s)  Ly(s)ds,  (3.31) 

-1 


2 

for  some  L  f-1,1).  Then 


il  UJ  lUI 


d  II 5 II  2  :::  i  I  I  II  >•  11  2 

L  [-1,11  jej  ■’ 


(3. 3:^) 


L  [-1,11 


Since  Ly  =  f  satisfies  (3.30),  however,  the  terms  involving  e  in  (3.32) 

make  no  contribution  in  (3.31)  and  we  have,  equivalently. 


1 


<y,z>  =  /  ^  C(-s)  Ly(s)ds, 


X  .  s 
3 


(3.34) 


and 


-2 


d  ■  IU!r2  1  I  11^1 

L  (-1,11 


(3.35) 


L  (-1,11 


Now  let  w  be  an  arbitrary  element  of  L  [-1,1].  Consider  the  linear 


functional  defined  for  ycL  (-1,1)  by 


/  a)(-s)y(s)  ds 

-1 


The  function  lij(-s)  can  be  expressed  as 


U)(-s)  =  (LC)  (-S)  ,  Ce  h'"(-1,1]  C  L^[-1,1] 


(3.36) 


m  OS 

i;(s)  =  Us)  +  I  c  e  jUm”!-!,!], 


(3.37! 


k=l 


where  the  c,  are  indeterminate.  Now  suppose  we  consider  only  ye  H  |-1,11. 
k 


Noting  that 


for  such  func-tions,  we  have 


/  w(-s)y(s)ds 


(Lr  )  (-s)y  (s)ds 


(from  (3.30) , (3.37) ) 


.y||  is  equivalent  to  l|y||  .It  follows  that 

L  1-1,11  '  Up  1-1,1)  ^ 

as  a  linear  functional  on  H^l-1,11  defined  by  J  ?,  (-t)  Ly  (t)dt 


the  norm  of 


is  equivalent  to  the  L  (-1,1)  norm  of  C,  which  satisfies  (3.35).  We  have 


Seen,  moreover,  that  we  may  as  well  assume^  that 


is  given  by  (3.34) 


equivalent  to 


a  norm 


In  this  tofxalogy  it  is  clear  from  (  3  .  34 )  ,  ( 3  .  36)  ,  ( 3  .  37 )  that  \v-hen  the  series 


(3.32)  is  a  finite  series 


is  not  distinguished  from 


which  leads,  by  the  above  process,  to  the  same  Using  a  continuity  argument 


this  remains  true  for  convergent  scries  (3.32)  which  do  not  terminate.  Thus 


we  can  write 


(3.39) 


>.  .  s 

w(s)  =  y  C .p(A . )e  ^ 
iej  3  3 

‘  m 

as  Ear  as  the  topology  (3.38)  is  concerned,  and,  from  (3.35),  (3.38) 


I"' l-l_„  -d'"||t|| 

H  1-1,11  1 


L  1  y  1  lU'll  2 

L^[-l,l]  ifJ  J  L  1-1,1] 

m 


D  |a)| 


h'"i-1,11 


(3.40) 


Since  11  1-1,11  is  the  completion  of  L  [-1,11  with  respect  to  the  topology 

(3.38),  it  is  clear  that  each  we  H  [-1,1]  corresponds  to  a  series  (3.39) 

”  2 

^  |c  l  oo  and  each  such  series  yields  an  element  of  that  space. 

je  Jm  ^ 

The  inequalities  (3.40)  hold  for  all  we  H  ^[-1,11  and  the  proof  is  comfilete. 


■1 .  Sc-a  I  ar  l.in<‘ar  Noiit  ra  1  l::ciuat  ions  of  riiu  to  (H'lU'r 

For  n  a  noii-(i<‘cKit  ivo  intorjor,  a  r.ca)ai  noutral  rmu  tioiial  .-.juati.'n  i.i 
ocili'i"  n  taki'S  l  lio  fonii,  foi  a  •  0, 


m 

y 

k-o 


(k) 


(t 


a) 


): 


k-o 


d 


k 


.  (k) 


(» 


.0 


■*  Ikt 

t  }  /  f,  (t  +  s)  d  V  (s)  =  u(t),  (1.1) 

k  0  -a 

whft*'  11  !?•  It'll. irdi'd  .IS  .111  external  "torcinq"  or  "control"  term.  The  c^,  i, 

.ire  eonst.mts  with 

(■  y  o,  li  jpt  0  (-1..') 

in  III 


.ind  the  .ire  rnnetii'iis  of  binindi'd  variation  on  l-a,al  which  m.iy  lu' 

.i:.:.unu'd  1  i<iht  cont  i  niions .  Associ.itt'd  with  a  function  v  of  boundt'd  v. ni.it  ion 
on  |_.i,b|  .ind  .in  inti'iv.il  la.l'il  C  |-.i,.i|  wt'  have  file  total  variation 
(ct  .  liM.llhl),  V(vlii,i%l),  of  V  on  liii,('l.  The  basic  requirement  in  oidci 
111. It  (.1.11  It'. id  to  well  (lost'd  problems  is 

1  ini  V  (v  I  -a ,  -.1  1 1  1 )  -  1  im  V  (v  ,  I  a  -  I  .  ill )  -  0  (1 .  1 1 

I'd  t  '  0 

We  h.ivt'  Si'en  in  t  hi'  pii'ced  i  lui  sei'tton  ttiat  theit'  .lit-  v.irious  w.iys  in  wh  i .  h 
the  I'li'nieiits  ot  t  ht'  sp.ice  ll”'l-.i,.ll  m.iy  he  spt'cilied.  Theit’  if-'  t<>m|’.ii  .ib!  e 
.imbiqiiity  in  the  expression  of  .1  tjiven  neutr.il  function.il  e.pi.ition.  M'hi'.  ie.i.i' 


us  to  .idopt  .1  st.iiitl.ird  tt'im  eompatible  with  the  w.iy  in  wliich  we  those  to  expt  i  ■ 


elements  of  il  |d,b|  in  Sect  ion  ?.  First-  of  all,  each  of  the  tnteurals 


/  (t  f  s)  cl  V|^(s)  ,  k  =  0, 1 . m  -  1  , 


can  be  i  nt  ecjrateci  by  parts  m  -  k  Limes  to  yielci  an  integral  of  the'  form 


i  s)  V|^(s)  ds,  e  il'"  ''  '  (a,bl, 


plus  boundary  terms  involving  (t  -  a),  (t  -t  a),  j  -  k,  k  +  1 

As  a  result  (-1.1)  can  bo  rewritten  as 


(■ 

m 


.  (ml 


(t  I-  a) 


+  d 

m 


^  (m) 


(t 


m- 1 

a)  t  ) 
k=0 


Cj,;  (t  t  a)  +  d|^  C  (t 


(tn) 


(t 


r  s)  d  V  (s) 
m 


(m) 


(t  t-  s)  v(s)ds  =  u(t) 


V 


III—  1  ^ 

)  V  f  I,"  (-a, a) 
k=0 


(•l.-l) 


Next,  select  inc|  an  arbitrary,  but  fixed,  luimber  c  r  l-a,al  we  can  write 


(k) 


(I 


a)  = 


(k) 


(t  t  e)  I  / 


(a  - 
(m 


k 


m-k-1 

■ ' '  T)  ! 


(m) 


(t  t  s)ds. 


k  =  0,1,...,  m  -  1  , 


and 


,i)  c,)!)  be'  eX)  I  I'ssed  similatly.  i'hiMi  t4.ll  lan  be'  icwritten  a-' 


f/'"*  («•  +  a)  +  b  -  a)  <•  J  b  -t  c) 

"  k=0  ' 


,  (m) 


(k) 


+ 


a 


(m) 


(t 


+  s)d  v(s) 


=  u  ( t )  , 


(‘4. 5) 


where  we  have  divided  by  r  ^0  and  have  absorbed  the  functions  v(s), 

m 


(a  -  si 
(m  -  k 


m-k-1 
”^1)  ! 


(m  - 


^  m-k-1 

s)_ 

V  -  1 )  ! 


k  =  0,1,...,  m  -  1, 


into  the  function  of  bounded  variation  v(s)  which  now  .sati.sfies  (4.3)  with 
v^  replaced  by  v. 

Finally,  we  define  a  function  of  two  variables,  z(t,s),  by 


z(t,s)  =  (;(t  +  s),  te  (-00,  oo )  ,  r,  e  f-a,a|, 


and  note  that  the  functional  ecjuation  (4.5)  is  equivalent  to  the  first  order 
partial  differential  equation 


1?.  -  (t , s)  _  32  (t,s) 


;tt 


3s 


tc  (-00,  (.xt)  sf  (-a, a). 


(4.10 


with  tile  boundary  conditions 


2  '"’Nt  ,a)  + 


b  2  (t,-a) 

m 


+  )'  b  2  '  (t,c) 

k=0  ^ 


t 


/ 


(m) 

2  (  t  ,  Si  ) 


dv  (s) 


<1  (t)  , 


(4.7) 
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toqether  with  ♦'hp  differential  equations 


(t,C)  (k  +  1)  ,  ^  4  _  ri  1  ~  _  1 

- -  =  z  (t,c),  k  =  0,1,...,  m  -  1. 

at 


(4.8) 


/ \  ( k ) 

In  (4.6),  (4.7),  (4.8),  z  (t,s)  =  ^  (t  +  s) . 

The  form  (4.6),  (4.7),  (4.8)  of  (4.5)  is  the  easiest  to  use  when  formulat- 

inq  the  system  ii  the  semigroup  framework.  It  has  the  form 


dz  in,  , 

—  -  Az  +  bu ,  z  €  H  [ -a , a ] 
dt 


where 


z(t)  =  (z(t,c),...,  z^^  ^Nt,c)  ,  z^”’^(t,l)). 


4  is  the  operator  defined  by 


/i  -  /  .  /  ^  ^  \  (m+l)  ,  .  V 

4  z  =  (z  '  (c)  ,  .  . .  ,  z  (c)  ,  z  ( . )  ) 


on  the  domain  consisting  of  z  e  (-a  ,a]  for  which  the  homogeneous  counterpart 

of  (4.7)  holds,  and  b  is  the  admissible  control  distribution  element  such  t)iat 


;,b ) 


(  (u  (c)  , . .  .  , 


'(m-1) 

(It 


(c)  , 


'  (m) 

OJ 


(.)  )  , 


b  > 


'  (m) 

U) 


(b) 


for  each  r.i  in  the  domain  of  4  C  h  [-a, a).  (We  shall  have  more  to  say 
about  4  and  b  for  special  instances  of  (4 .6)  ,  (4 .7)  ,  (4 .8)  in  tlie  next 


sect  ion . ) 


By  makinq  careful  use  of  the  condition  (4.3)  one  can  construct-  solutiout- 


of  (4.6),  (4.7),  (4.8)  by  the  method  of  successive  approximations.  The  mettiod 

already  appears  in  essence  in  [9).  Not  wishing  to  lengthen  our  presentat ioi. 
further,  we  content  ourselves  with  the  statement  of 

’t 

Theorem  4.1  The  operator  generates  ^  strongly  continuous  group ,  e  '  , 
of  bounded  operators  on  H"'[-a,a].  For  each  ( . )  e  n"'[-a,a) 

z(t,.)  H  z  (.) 

o 

is  a  generalized  solution  of  (4.6),  (4.7),  (4.8)  when  u(t)  =  0  which  is  a 

2 

classical  solution  if  z  e  Dom(^).  If  u e  L,  (-00,00)  then  (4.6),  (4.7), 

u  loc  - 

(4.8)  has  the  generalized  solution  expressible  in  the  form 

z(t,.)  =  e^''zQ(.)  +  K(t)u^,K(t)  ;L^[0,t]-^  H'"[-a,a]  , 

where  u^  denotes  the  restriction  of  u  (0,t) .  (We  replace  [0,tl  ^ 

[t,0)  if  t<0.)  Given  T  >  0,  for  |t|  <  T, 


K(t)u  II  <  M(T)  llu  II 

H  (a,b[  ^  C  [o,t] 


and  if  |t^  j  ^  T,  It^  |  <  T,  w.l.o.g.  t^  ^2' 


II 

1  2  H  [  a  ,  b  1 


<  M(T)  u 


where  M(T)  a  {x?sitive  number  depending  only  on  T  and  u  is  tlu 

(f  j , t  2) 
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restriction  of  u  ^  ' 

Now  let  us  consider,  as  briefly  as  we  can,  the  eigenvalue-eigenvector  prcf- 
lem  for  the  operator  A.  We  may  take  a  =  1  without  loss  of  generality  and 
it  is  convenient  to  take  c  =  0.  Further,  throughout  this  paper  we  will  specialize 
to  the  case  where 

1  1  . 

/  c(s)  dv(s)  =  /  C(s)  v(s)ds,  vcL  (-1,11. 

-1  -1 

More  general  cases  will  be  treated  elsewhere.  Thus  (4.7)  assumes  the  form 


z*"'Nt,l)  +  b  z^"*' (t,-l)  +  \  b  z'’^'(t,0) 

k=0 


(m)  .  V  V.  .(k) 


+  /  (t,s)  v(s)ds  =  u(t) . 

-1 


(4.9) 


1  .s 

From  (4.6)  an  eigenfunction  of  A  takes  the  form  where  is  a  zero  of 

the  entire  function  4>(A)  defined  by 


,m  A  ,  ,m  -A  y  .  ,k  ,ni  ^  As* 

<1>(A)  =  Ae+bAe  +)b,  A+A(e  v(s)ds. 

1  r,  1 

k=0  -1 


(4.10) 


A.s  A.s  li.-l  'jS 

Generalized  eigenfunctions  occur  in  groups  e  ^  ,  se  ^  ,...,  (s  /(u^-l)!)e 
corresponding  to  possible  multiple  zeros  of  ‘l>(A).  We  do  not  discuss  this 

here,  saving  discussion  of  non-simple  cases  until  Section  7. 


Theorem  4.2  The  zeros  of  4>(A)  ,  defined  by  (4.10) ,  consist,  in  the  simple 
case ,  of  n  complex  numbers  ,  O2  >  •  >  • »  together  with  £  sequence 

{Aj  |-oo<j<oo}: 
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\  =  1  +  -j  iTi  +  I  ,  , 

i  1 


(4.11) 


where 


and 


a  =  .«•  log(-b  ) 
m 


oo 

I 

j=  -  oo 


je.  1  <  oo 


Consequently ,  the  functions  e  ,  k  =  1,2, 


A  .t 
1 

.,m,  e  ,-oo<n<oo, 


form 


uniform  basis  for  H  [-1,1] 


Proof  The  classical  Paley-Wiener-Levinson-Schwartz  results  ( [  12 1  ,  ( 14 ] ,  ( 1 9 1  , 

A  .t  2 

[24])  show  the  e  ^  -  oo  <  j  ^  oo ,  to  form  a  uniform  basis  for  L  1-1,1]. 

The  last  stated  result  then  follows  from  Theorem  3.1. 

We  proceed  to  give,  as  briefly  as  possible,  the  proof  that  the  eigenvalues 

have  the  indicated  form.  Other  arguments  of  this  type  are  very  common  in  the 

literature.  (See,  e.g.  (211 

Lot  A  =  iw  +  -1  log  (-b  )  =  i(o  +  .  Then,  with  (-b  )■  chosen  as  -i  h'  , 

m  mm 

n  <  arg  b  ^  t , 
m 


1  m-1  j 

>|)(A)  = 'Kill)  =  2b"  (ito  +  u)  sin  «  +  )  b,  (iw  +  a) 

k=0 


+  (iiii  +•  J 


(i(ii  +  a)s  , 

e  v(s)  ds 


-1 


i);  (.,i)  =  2h'  ( Lui  <  a)  sin  w. 
0  0  m 


(4.12) 
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:,et  fj, ,  k  =  1,2,3,...,  be  the  retanqular  c-ontour  whose  sides  are  segments  of 

Ke(u5)  =  +  (k  -  j)TT,  Im(u>)  =  i  fi>  where  g  is  a  fixed  positive  number  soon  to 

be  specified.  It  is  clear  that  there  is  a  such  that  when  6  ^  and  k 

is  sufficiently  large,  has  m  +  2k  -  1  zeros  inside  r.  .  Rouche's 

U  K 

theorem  gives  the  same  conclusion  for  provided  we  can  show  that 


i'(w) 


<  1 ,  w  e  r,  , 

k 


(4,13) 


for  3  chosen  appropriately  large  and  k  sufficiently  large.  Now 


<l;(u)) 

li'Q(w) 


m-1 

I  + 


,  k-m 

a)  CSC  uj 


^  r  (iu)+a)s  X  j 

+  J  e  CSC  (ij  v(s)  ds 

~1 


Since  k-m  is  a  negative  integer  and  since  esc  w  0  as  |im  (u)  (->■  co  , 
we  can  make  the  first  term  as  small  as  we  wish  on  for  sufficiently  large 

k,  by  choosing  3  appropriately  large. 

On  the  vertical  sides  of  F,  we  have  u  =  +  (k  -  i)ir  +  ia,  (a  I  <  3,  so 


r  (iw+a)  s  ^  o  o 

J  e  cSc  oj  v(s)ds  =2 


1  +(k-A)iTis  (a-a)s',  .  , 
r  e—  e _ V  (s)ds 

•'  ,  +i(k-i)n  -o  +i(k-^)Tr  n 
-1  e-"  e  -  6“*  ^  e 


(4.14) 


and  on  the  horizontal  sides  we  have  w  =  p  +  Si,  -  (k  -  ^)  n  <  p  <  (k  -  I)  tt  ,  so 


l/  (i'At+a)s  " 

jj  e  CSC  tii  vCsjds 

1 

-  p  /■ 

ips  (a+B)s",  ^  , 
e  e  ^  v(s)  ds 

ip  +  6  -ip  +6 

-1 

e  e  ■“  **6  e — 

(4.15) 
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'n  the  riqht  hand  of  (4.14)  the  denominator  is  bounded  away  from  zero  for  oil 
k  and  the  basic  arqument  of  the  Riemann-Lebesque  lemma  is  used  to  show  thai 
the  inteqral  becomes  small  as  jk  |  -*00,  uniformly  for  oj  =  !  k  -  1  )  tt  i  •  , 

^  On  the  riqht  hand  side  of  (4.15)  the  inteqrand  is  bounded  in  I.^|-1,I1, 
hence  in  [-1 , 1 1  ,  uniformly  for  u)=p+i6.  -  k(-i)Ti  <p  ■_  {k  -  :.)ti  , 
and  we  obtain  the  result  from  the  fact  that  the  modulus  of  the  denominator  may 
be  made  as  large  as  we  wish,  uniformly  for  such  oj,  by  taking  6  sufficiently 
large . 

Having  established  (4.12),  and  hence  that  ( 10)  +  l^(u)  has  m  +  2k  -  1 
zeros  inside  for  k  sufficiently  large,  we  proceed  to  obtain  the  asymptotic 

formula  (4.11).  We  regroup  the  terms  in  (4.12): 


'J'q(w)  +  i(;(u))  =  +  Sj^(ui), 


„  ,  ,  .in  .  ,•  ,1"  m-l  .  m  rl  ik-ns  s-,  ^  , 

0,  ( w)  =  2b  (lu  +a)  sin  0)  +  (lu)  +a)  -rr-, - -  +  (lu  +a)  I  e  e  v(s)a: 

k  m  (ikn  +a) 


m-2  ^  ^ 

“  1  t>  (iu)  +  a)  +  (iu)  +  a) 

^  k=0  ^ 


b  b 

m-1  m-1 


ill)  +  a  ikt  +  a 


,  ^  .m  f  (ill)  +  a)s  (ikTT  +  a)s1  - 

+  (lu)  +  a)  J  e  -  e  1  v 


-1 


(s)ds. 


Now  the  numbers 


d.  = 


m-1 


k  ik-n  +  a  ' 


f  ikts  S',., 
e,  =  J  e  e  v(s)ds, 

-1 
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(the  being  Fourier  coefficients  of  e  v(s))  are  square  sururiable.  Trien 

for  |k  1  sufficiently  large,  9  ( i;j)  has  a  zero  at  w  ,  where 


2b^  sin  ( ill  )  +  d,  +  e,  =0 
m  k  K 


i  .e . ,  at 


(i),  =  k  n 

k 


d  +  e 

,  ,,k  .  k  k 

(-1)  arcsin  - ; - 


kn  +  6, 


Clearly  the  are  square  summable.  Now 


; - I 

®k'“'  2b*  sin  w  +  d  +  e^  i  k=0 

m  k  k  ' 


lb  ,  (kTf  -<iu)  u  1  ,  ] 

m-l  ,  f  f  ■  as  » 

+  -  +  J  J  ise  e  v(s)dsdw  , 

(iw  +a)  (ikT  +01)  kTi  -1 


the  w  integration  taking  place  over  the  straight  line  segment  joining  u 

to  k 


Let  C  be  a  circle  of  radius 
k 


^  w 


centered  at  k^r  . 


Then  it  is  not  hard  to  see  that 


2b  ^  sin  (ii  +  d,  +  e, 
m  k  k 


I  6k  I  IkTtl 


,  I  k  1  -*  oo  , 


unifo>'mly  for  we 

But  clearly 

1  m-2 

>  1  1 

f  I  1 

I  b  (iw 

.  ,.,''-"'1  -  cr 

_L. 

,  1  k  I  oo  , 

+  U  1  j  — 

2  2 

‘  k=0 

k  17  ; 

uniformly  for  wee. 

k 

Further,  again 

using  a  variant  of  the  Riemann-Lehesque 

lemma,  one  can  show  that 


1  .  C  > 

f  iws  .  as- ,  I  , 

I  e  r.se  v  (s)  [  ds 

-1  ^ 


tends  uniformly  to  zero  for  we  L  as  |kj  tends  to  infinity.  Thus 


I  -  1  .  I 

if  f  S  ^  t  1 

/  J  ise  e  v(s)ds  dw  i  =  |  )  = 

ki"  -1  * 


"  Titr  1' 


Then 


Ik! 


I  1  CJ  1 

— - - /  / 

'2b"  sin  u)  +  d,  +  e,  kir  -1 


m 


k  k 


iws  as  - 

ise  e  v(s)ds  dwi 


=  S’ 


^h]  =  i"i 


We  conclude  that 


1  im 


(m) 

I J5 _ 


I  k  1  -  oo  j  f ,)) 


iiti  I'ou' h<  's  theorem  tells  us  that 


iji  (iLi)  +  il'(iii)  has  a  zero  u.  inside  C,  for 


:  iff',  icntly  lai'^io  k.  Wo  havo ,  clearly. 


Then  ,■  ( '■  )  has,  for  sufficiently  large  k,  a  zero 

) ,  =  ;■  log  (-b  )  +  iu),  (4.16) 

k  m  k 

/  ' 

=  4  log{-b  )  +  kni  +  ©'|2|6  1  +  i  ^  i 

m  (  '  k '  I  kTi  I  , 

Combined  with  the  result  conccerning  the  number  of  zeros  inside  the  contour 

r  ,  the  asymptotic  formula  (4.16)  completes  the  proof  of  the  theorem, 
k 

(Ve  complete  this  section  with  a  short  discussion  of  neutral  functional 
equations  of  negative  order  -m,  m  =  1,2,3,...  .  We  have  seen  that  neutral  equa¬ 
tions  of  non-negative  order  m  with  delay  interval  2,  have  as  their  basic 
state  spaces  the  spaces  H^[-l,l]  and  the  corresponding  exponential  eigenfunc¬ 
tions  of  the  operator  A  form  uniform  bases  for  those  spaces.  In  view  of 
Theorem  3.2  it  is  perhaps  not  surprizing  that  there  should  also  be  a  family  of 
neutral  functional  equations  having  the  spaces  H  ”'[-1,1]  as  their  basic  state 
spaces . 

Definition  4.3  A  neutral  functional  equation  of  order  -m,  m  =  1,2,3,..., 
is  a£  equation  of  the  form 

1 _ 

J  v(-s)t(t  +  s)  ds  =  u(t)  (4.17) 

-1 

where  vc  I)”' |  -  I  ,  1  |  is  such  that 
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(m-1) 

V  (1 ) 


y  0,  V 


(ro-1 ) 


(-1)  -4  0, 


(1)  =  v"*  (-1)  = 


0,  j  =  0,1,. 


tn  -  2 . 


(4.  ! 


It  is  possible  to  extend  this  definition  to  the  case  where  vf  h'''|s  ,  ,s  I  , 

^  n-1  n 

n  =  0,1,2,...,  N  where  -1  =  <  s  <  s<...  s  =  1  ,  (4. 18), (4. 10)  hold  at 

0  12  N 

,  s  ,  has  discontinuities  at  s  ,  n  =  1,2,...,  N-1  but  is 

ON  n 

continuous  there,  j=0,l,2,...,in-2.  We  hope  to  have  more  to  say  about 
this  elsewhere.  Clearly  (4.19)  is  vacuous  for  m  =  1. 

Of  course  we  must  demonstrate  that  (4.17)  has  solutions  in  some 
acceptable  sense.  We  will  do  that  here  by  what  might  be  termed  the  method 
of  separation  of  variables.  There  are  many  other  possibilities. 


Theorem  4 . 4  Consider  the  operator 


(Az)  (s)  =  z'  (s) 


in  H  (-1 , 1 1  ,  defined  on  the  domain  consisting  of  elements  ze  )!''^^r-l,ll 
for  which 


( z,v>  =0. 

(Here  <  C,v  >  ^  the  extension  of  the  linear  functional  (4.17)  ,  defined  i  n  t  orms 

of  ve  ^(-1,11,  ^  a  linear  functional  on  H  ^[-1,1].)  Then  A  has  (in 
the  simple  case)  exponential  eigenfunctions  e  ,  j  e  ,  where  a  ^ul'- 

set  of  fj|-oo  <  j  <  oo<)5J  which  is  obtained  by  removing  m  elements  (>1  . 

The  complex  numbers  have  the  form 


n 


j 
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X .  =  a  +  i  iri  +  c .  .  j  e  J  ,  (4.2'ij 

1  3  m 


Z  UJ' 


(4.21; 


Letting  t • • ■ 

and  letting  p(>) 
that  pdJe  ,  j 


,  0  be  m  distinct  complex  numbers  not  equal  to  any 

=  T?  ( X  -  o  ) f  these  exponential  eigenfunctions  are  such 

k=l  ^  -m 

e  J  ,  form  a  uniform  basis  for  H  [-1,1]  . 
m - - 


Remarks  Strictly  speaking,  we  should  include  the  possibility  that  A  has 
finitely  many  eigenvalues  of  multiplicity  greater  than  1.  We  consider  only 
the  simple  case  here,  postponing  all  discussion  of  multiple  eigenvalues  to 
Section  7. 

The  integral  expression 


1  _ 

/  v(-s)^(s)  ds,  (4.22) 

-1 


2 

defined  initially  for  1,  [-1,1],  may  be  seen  to  be  continuous  with  respect 

to  the  11  11  ,  norm  of  t,.  Let  n  f  h"’  ^[-1,1]  be  defined,  for  L^[-l,ll, 

"-m+l 

by 


— =  z,.  n  ^  (0)  =  0,  j  =  0,...,  m  -  2. 

ds 


Then  H^H  is  equivalent  to  HnH  and 

L  [-1,1] 

jj  v(-s)  ;;(s)ds  j  =  jj  v^””  ^N-s)n(s)dsj 
1-1  11-1  I 


<  K 


lm-1 


<  K 


L  [-1,1] 


'm-l 


-m+1 
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I, I  Id  Cl  I'll  li'  ill  ill,'  t  he, 'I  ,111  si  .il  ('Iiiciil 


,  'iiii'  I  I'X  miml  I  ,  I  ||(  • 
••ticli  f  ll.ll 


I  /  0,  k 


I 


Then  it  is  easy  to  see  that 


1 


ii'(  0  =  I  V  (-S)  Le  ds 
-1 


where 


m  -  m 

Lc  =  T,  (D  -  a  I)Q  ,  =  n  (D 

k=l  k=l 


o  I) 
k 


But,  integrating  by  parts  and  using  (4.18),  (4.19), 


,  ,  ^  /r  s  ,  X  j  ,  (m-l)  ,  ,  ^  A  (m-1)  ^  -A 

ii;(A)  =  J  (Lv)  (-s)  e  ds  +  V  (-l)e  -v  (1)  e 

-1 


f  TTT — T  As  un-i)  A  U.. 

=  J  h(s)  e  ds  +  V  (-1)  e  -  v  (1)  e 

-1 


(m-l) 


where  heL  (-1,1).  Proceeding  as  in  the  proof  of  Theorem  4.2  in  the  case 
m  =  0,  we  conclude  that  the  zeros  of  i|i(A)  have  the  form  (4.20),  (4.21)  with 


f  (m-l) 

(1) 

a  =  i  log 

V 

(m-l) 

(-1) 

i 

But  the  zeros  of  ii;(A)  include  o  f  which  are  not  included  in  the 

12m 

A.s 

zeros  of  0(\).  It  is  easy  then  to  see  that  A  has  eigenfunctions  e  '  '  j  e  J 

as  described  in  the  theorem,  the  i.,  je  J  ,  being  the  zeros  of  ih(X)  other  than 

j  m 

n .  f  n  f  •  •  *  f  0  • 

’  "  A.t 

By  virtue  of  the  uniform  basis  property  of  the  p(\.)e  ^  ,  jeJ  ,  in 

I  m 

H  '^1-1,1  I,  solutions  of  the  homogeneous  system  (  (4 . 23)  ,  (4 . 24 )  with  u(t)  ;  0) 
can  written  as 


z(t,s)  =  }  z.(t)f)(A.)e 

je.T  ■’  ■’ 

m 


A  ,s 
I 


(4.28) 


m 


wi  tJi 


-TT  =  A  .z  .  .  Del  ■ 

dt  T  1  m 


Thus  the  z^(t)  =  e  (0)  also  satisfy,  using  (4.20),  (4.21), 


2 

<  oo 

So  z(t,-)  lies  in  H  "'(-1,1]  for  all  t.  The  strong  rontinuity  is  readily 
established . 

There  remains  the  problem  of  treating  the  inhomogeneous  problem  adequately. 
We  can  use  Theorem  1.3  here,  provided  we  can  identify  the  control  distribution 
element  b  appropriate  to  the  system  (4.23),  (4.24)  and  estimate  the  control 
distribution  coefficients. 

Let  us  proceed  formally  for  the  moment.  If 


z (t,s) 


e 


.X  .s 
3 


is  a  solution  of  (4.23),  (4.24),  then 


<  Ln,  V )  *  u (t) 


which  can  be  transformed,  as  before,  to 


9n (t, s)  _  3n(t,s) 
3t  3s 


(4 .2f=>> 


(4.27) 


provided 


(-1)  n  (t,l)  -  V  (1)  Ti  (t,l)  +  /  h{s)  n  (t,s)ds  =  u(t) 

-1 


-r  =  ^  .2  .  +  b  .  u  (t)  ,  j  £  J  , 

t  J  3  3  m 


where  the  b.,  b  are  the  control  distribution  coefficients  for  (4.26),  (4.27) 

D  ^ 

We  will  establish  in  Section  5  that  the  b ^ ,  b^^  are  uniformly  bounded  and  uni¬ 
formly  bounded  away  from  zero.  Then  the  2.(t)  satisfy 

3 


dz .  (t) 


=  A  .  z  .  (t)  +  b  .  u  (t) 
3  3  3 


(4.28) 


so  that  the  control  distribution  coefficients  for  (4.23),  (4.24)  are  just  the 

numbers  b.,  j  ^  J  ,  which  are  thus  bounded  and  bounded  away  from  zero.  Then 
3  m 

Theorem  1.3  may  be  applied  to  (4.26),  (4.27)  to  show  that  there  are  solutions 
of  that  system  and  they  have,  in  H  *"[-1,11,  the  properties  given  in  Ttieorem  !.?, 


5.  Sounds  on  the  Centro  1  Distribution  Cocf f ici entp 

We  will  study  the  system  (4.4)  in  the  form  (4.6),  (4.7)  (taViinq,  without 
loss  of  generality,  a  =  1,  c  =  0),(4.d).  Thus  we  have 


T  (m)  ,  .  (m)  , 

3z  (t ,s)  _  3z  (t ,s) 


3t 


3  s 


,  - 1  <  s  <  1  ,  -oo  <  t  <  or? , 


(5.1) 


(W  ) 

clz  (t,0)  (Ir+l) 

- - - =  z  (t,0),)r  =  0,l,...,m-l, 

at 


(5.2) 


z*'''Nt,))  t  h  z*'''*(t,-l)  +  V  b  z**^*(t,0)  +  !  V  (s )  z  *'"'  ( t ,  s )  ds 

k=0  -1 


=  u  (t )  ,  V  e  h  1-1,11 


(5.3) 


We  wish  to  develoji  this  system  in  the  form  ( 1 . 10)  ,  ( 1  . 1 1 )  .  Since  wo  treat 

only  the  simple  case  at  present,  A,  =  A.  (or  n,  )  will  be  scalar.  Talrinq 

3  3  k 

account  of  Theorem  4.2,  for  m  non-negative  the  relevant  from  siiould  be 

dZj^  dz . 

T— -  =  'xz  +  b  u,  k  =  1,2,...,  m,  — ^  =  A.z.  +  b.  u, 
dt  )<  K  )<  dt  T  g  g 

-oo  <  j  <  oo  ,  (5.4) 

fr?r  certain  crontrol  distribution  coefficients  b  ,  b  .  It  will  be  important  tr? 

3  k 

demonstrate  that  these  actually  exist  and  to  obtain  bounds  on  tliem.  This 
requires  the  introduction  of  a  system  adgoint  to  ( 5 . 1 ) ,  (5 . 2 )  ,  (5 . 3)  in  an 
aptrofriatr'  sense. 

hot  (  ,  denote  the  inner  product  in  n'’’|-l,l|  as  defined  in 

(3.3),  let  x(t,s)  =•■  (z(t,01,  z'(t,0)...,  z"'~' (t  ,0)  ,z‘"'’  (t  ,s)  )  h<’  a  solution 


i 

\ 
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of  (5.n,  (5.2),  (5.3),  initial ly  with  u(t)  HO  and  z(0,s)H  z^ts)  in 

the  domain  of  the  operator  A,  so  that  solutions  may  be  differentiated  with¬ 
out  qualm.  Letting  w(t,s)  be  a  smooth  function  of  t,s,  we  compute  that 


d  ,  „  dw  ( t ,  0 ) 

—  (z(t,.),  w(t,.))  =  z(t,0)  — - - 

dt  m  dt 


(k  +  1)  ' 

dw  (t,0) 


+  \  '  (t,0)  w  (t,0)  +  dt 

i,_r\  L 


1  (m)  ^ 

r  1 3z  (t,£ 


"  .1  L  ^ 


w'*"'  (t,s)  +  z'  '  (t,s) 


(f")  ta-1) 

+  z  (t,0)  w  (t,0) 


Noting  that  for  a  e  f-1,1] 


z<"”(t,0)  =  Z<"'>(t,0) 


°  a  (m) 

_  /  as  , 

0 


we  have 


z  (t,0) 


1  o  (m) 

il  I  a.  dc 


1  1  It.  , 

j  z^"’'(t,s)  ds  -  i  /  (1  -  |s|)  ds. 

-1  -1  ^ 


Substituting  (5.6)  into  (5.5),  integrating  by  parts  and  then  using  the  boundary 
conditions  (5.3),  we  obtain 
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-  ■ _ 


When  u(t)  is  not  identically  zero  and  (5.1),  (5.2),  (5.3),  (5.7),  (5. ft),  (5.  i; 
hold,  we  do  not  obtain 


dt 


(z(t,) 


w(t,  .)  ) 


tn 


0, 


but  rather 


_d 

dt 


(z (t,  . )  , 


w (t,  . )  ) 


(t,l)  u (t) . 


(5.10) 


With  A  defined  as  in  (4.8)  ff.  (a  =  1,  c  =  0) ,  differentiable  solutions 
of  (5.7),  (5.8),  (5.9)  have  the  form  w(t,.)  =  S  (T  -  t)*i(j,  \p  in  the  domain  of 
.  Talcing  (1.8)  ff.  into  account,  the  relevant  admissible  control  distribution 
element  for  (5.1),  (5.2),  (5.3)  is  the  linear  functional  b  defined  for  w 
in  the  domain  of  A*  (the  subspace  of  H^^^I-l,!]  defined  by  (5.9))  by 

<w,b>  =  (1)  .  (5.11) 

With  this  b,  (5.1),  (5.2),  (5.3)  can  be  written 


dz 

dt 


/Iz  +  bu. 


(5.12) 


The  corresponding  form  of  (5.7),  (5.8),  (5.9)  is 
distribution  coefficients  are  (cf.  (1.7)) 


dw 

dt 


/4*w.  The  control 


^  ^  (1)  ,  k  =  1 ,2  ,  .  .  .  ,  m. 


b^=  <q^,b>  =  q^'”'^(l)-oo<i<oo, 

where  q,  ,  d .  are  the  elements  of  the  dual  basis  relative  to  the 
k  1 


(5.13) 


(5.14) 


f  iincticns 
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/r('.>  in  H  |-1,1).  Wo  are  now  able  to  prove 


Theorem  5.1  There  are  positive  numbers  M  ,  M  such  that 


Proof  The  q  ,  q,  are  biorthogonal  to  the  e 


in  the  sense  that 


Clearly  it  is  enough  to  establish  two  things.  First,  that  an  inequality  like 
(5.16)  holds  for  |j(  sufficiently  large,  and,  secondly,  that  no  b  or  b, 


is  equal  to  zero.  In  view  of  (5.13),  (5.14),  one  need  only  prove  these 


statements  for  the  numbers 


(1),  the  complex  function  iix)  defined  by 


(4.12),  which,  with  1  =  im 


we  have 


ii)(u  )  =0,  and  we  are  assuming  tliat 


tiiis  is  a  simple  zero  (this  can  be  shown  true  for  J  j  |  large  enough)  .  Wo 


f 

(e  , 

q')  ,  (e  ,  q:) 

km  j  m 

'^k,k 

0 

X  .  t 

r  1 

q*]  1  ®  q' 

6.  1 
3-3 

IP(A.) 

'  \  '  p(A.)' 

''m  -'m 

0 

W  Ul , 

3 


(5.18) 


p(A^)  V  ('J) 

li; ,  ( Ul)  =  - 


1)1 '  ( to  . )  ( ..'  -  (i) , ) 
3  3 


P  ( X  . )  ,  Ul  =  Ul .  ■ 

3  3 


(5.19) 


Tlips  ijj.Cui.)  =  1,  ijj,(u!?)  =0,  3  ¥  3 ,  )  =  0.  Now  i|i.  (uj)  has  the  following 


3  3 


3  3 


3  k' 


properties.  It  is  an  entire  function  of  to  of  order  1  and  type  1  such  that 
i()^(to)/(l  +(u)|"')  is  square  integrable  on  any  line  parallel  to  the  real  to  axis, 
and,  using  the  easily  established  fact  that  the  terms  p ( X ^ ) /i(t' (ui^ )  are  bounded, 
we  have 


lijj^(ui)l  <  K(1  +lu)|)'''  ^  g|lni(aj))  ^  _  QQ  <  j  <  QQ  ^ 


for  all  complex  to.  Expanding  (to)  in  Taylor  series  about  m  =  0  we  have 

m-1 

ii.  (to)  =  ii»,  (to)  +  lii'.  (0)to  +...+  lit.  (0)  r— -  +  to"  9  .  (ui)  ,  (5.20) 

3  3  3  3  '■  3 


where  0^  (to)  is  an  entire  function  of  lo  and,  from  the  corresponding  properties 
of  ,  0^(10)  has  the  following  properties:  9^  (to)  is  of  order  1  and 

type  1  with  ©Mto)  square  integrable  on  any  line  parallel  to  the  real  to  axis. 


and 


|0.  (to)  I  <  ^  ^  1. 

'  ]  -  (1  +  |to|) 


I  Im  (to) 


for  all  complex  u).  It  follows  [14]  that  0^  (ui)  may  be  represented  as 


0 .  (ui)  =1  j  e  V .  (s)  ds 


(5.21) 


-1 
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with  e  f-1 , 1  ]  .  Then  (ui)  is  the  H^l-],11  inner  product  of  e' 

with  the  element 


V.  =  ^.(0),  i'Jc'(O),  ...  i"’"^];.  (0)  ,  V. 

(m-1) ! 

in  ii  (-1,1).  From  the  values  of  ((j.)  at  the  points  Vj  .  ujj  we  see  that 


(c  ,vj  =0,  -  ao<j<oo,  k  =  l,2,...,m 
2  m 


71T~)  '  H  -  oc  <  j,j  -  oo 

r-'(Aj)  j,i 

^  X  .t 
e  ^ 

and  it  follows  from  the  unioue.oess  of  the  dual  basis  to  the  e  ,  - 

p(A.) 

m  i 

H  [-1,1]  that 


■3  ■  =  V  . 

3  3 


(1)  =  (1) 


Using  (5.22)  in  (5.21)  we  infer  that 


so  that 


6.(w)  =  i*"  J  q.^^*  (s)  ds 

3  T  3 


r  iws  (m)  ,  ,  •  ~ni  ^  , 

J  e  q.  (s)ds=i  9 . (m) 

-1  ^  ’’ 


=  (from  (5.20))  =  - -  iJ/.d.')  -  T  ^ I 


belonqs  to  the  domain  of  -4 


on  the  left  hand  side  of  (5.23)  and  using  (5.18)  on  the  right  hand  side  we 


have 


Examining  the  terms  on  both  sides,  we  conclude  that 


This  shows  the  q 


with  (5.9).  Now  it  is  an  easy  matter  to  verify  from  the  formula  (5.17)  that  t'noi 


is  a  non-zero  constant  b  such  that 
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To  develop  siniildr  forniulae  foi-  tlie  1)  one  simply  replaces 


(5.18),  (5.iy)  by 


= 


■(J  (o) 


C)'  (v,  )  (o  -  V,  ) 
k  k 


,  u  /  =  1  ,  10  ”  \ 


and  wo  obtain  in  place  of  (5.25) ,  (5.26) 


q  (1)  =  - ^  0, 

C.-(v^) 


(5.28) 


i  b 

q  "  (-1)  =  t: - SL  ^  0  .  (5.29) 

(P'  (v^) 

Combining  (5.25),  (5.26)  with  (5.28),  (5.29)  and  (5.27)  the  theorem  is  proved. 

The  above  takes  care  of  nonnegative  values  of  m.  For  negative  values  of 
m  the  result  just  proved,  in  the  case  m  =  0,  togetlier  with  the  discussion 
at  the  end  of  Section  4,  which  depends  on  the  result  for  m  =  0  proved  above, 
shows  that  the  control  distribution  coefficients  for  the  equation  (4.17)  also 
satisfy  inequalities  of  the  form  (5.16)  for  je  J  . 


l‘-  (-1,11 


(■-■.  Control  Canonical  Forms  and  Spectral  Assignment  Theorems 


In  the  system  (2.12)  -  (2.16)  of  Section  2  we  have  an  example  of  an  aug¬ 


mented  hyperbolic  system 


x=Ay  +  gu,  X,  geH 


wherein  A  has  eigenvalues  o  , a  a  ,  and  (cf.  (2.10)  ff.) 

12  m 


^  .  =  01+  jti  +  E  -oo  <j  <oo, 
11 


I  I E.  I  <  oo ,  ct  =  J  log  a. 
j=-oo  ^ 


Assuming  that  the  corresponding  eigenvectors  ,  1;  =  1 ,2 ,  . . .  ,  m,  <)>.i 

*0  1 

-  oo  <  j  ^ oo ,  form  a  uniform  basis  for  H,  with 


)<=1  3=-oo 


g  =  I  \  .  I  g^ 

1<=1  ]=-oo 


we  have  the  equivalent  system  in  I 


IT  =  Va  ^  V'  =  ^'2 . . 


-  oo  <  j  <  oo  . 


Wc  have  seen  in  Sections  4  and  5  that  a  scalar  n-th  order  neutral  system 


(5.1) ,  (5.2),  (5.3)  has  the  form  (5.4).  In  (f>.5)  the  fact  that  q  f  II  qivt'-; 

°°  2 
J  1  q  ,  I  <  oo 

j  =  -CX3  ^ 

for  the  control  distribution  coefficients  while  we  have  the  result  (5.15),  ('.I' 
for  the  control  distribution  coefficients  in  (5.4).  We  intend  to  argue  that 
the  systems  (5.1),  (5.2),  (5.3)  constitute  the  control  canonical  forms,  in 
the  sense  of  (20),  for  systems  (6.1)  of  augmented  hyperbolic  type  with  eigen¬ 
values  o^,  Xj,  -  oo  <  j  <  oo ,  satisfying  (6.2).  The  first  step  in 

doing  so,  however,  is  to  establish  that  every  set  of  complex  numbers  of  this 

description  can  be  realized  as  the  set  of  eigenvalues  for  a  system  (5.1), 

2 

(5.2) ,  (5.3)  by  appropriate  choice  of  b^,b, ,...,  b  and  vc  L  (-1,1)  in 

0  1  m 

(5.3) .  This  is  the  content  of 

Theorem  6.1  Let  o  ,o  , o,X.,-oo<i<oo,  be  distinct,  the  ' 

--  -  12  m  ]  - - j 

satisfying  an  asymptotic  relationship  (6.2) ,  otherwise  arbitrary.  Then  there 

A  "> 

are  complex  numbers  b„,b, ,...,  b  .,  b  and  a  function  v  f  l" I -1,11  such 
- h - 0  1  m-1  m -  - 

that  the  eigenvalues  of  the  operator  A  associated  with  the  system  (5.1),  ( ^ .  2 '  , 

(5.3)  are  precisely  these  numbers . 


Proof  We  first  of  all  determine  b  in  (5.3)  so  that  a 
-  m 


agreement  with  (6.2).  We  let  q  ,  k  =  1,2,...,  m,  q.,  -  oo 

m  ‘’l;  ^ 

dual  basis  in  II  [-1,1]  relative  to  the  e  ,  e  ^  /p(V), 


=  X  log(-b  ),  in 
m 

<  i  '■  oo  ,  be  I  lie 
as  in  the  |'i  eced- 


inq  section.  Then  we  compute 


A*!*  e  ^/p(A.)  +  b  A™  e  ^/p(A.) 
J  3  m  D  : 


a"*  a. 


p(A  J 


e  ^  1  +  b  e  ^ 


,m  .  -log(-b  )-2jTTi-2e. 

A .  A .  m  ] 

1  j  1  +  b  e 

\  e  m 

p(Aj  -J 


a"*  a. 


p(A  J 


e  ^  1-e  ^=d. 


where,  since  lim  ■  . ,  ,  =  1,  Re  (A.)  is  bounded,  and  the  c,  are  square 

|jh«.  ■’'S’  ’  = 


summable , 


oo  2 

I  Id.  I  oo. 

j=-oo  ^ 


We  similarly  let 


a,  -a 

m  k  ,  m  k  ~  - 

a,  e  +b  a,  e  =d,  ,k=l,2...,m. 
k  m  k  k 


O,  S  A  ,S 

}C  T 

From  section  3  the  e  ,  k  =  1 ,2 , . . . ,  m,  e  ■'  /p(AJ,  -  oo  <  j  <  oo  ,  form  a 

uniform  basis  for  h"'[-1,1]  and  there  exists  (see  [22],  e.g.)  a  dual  biorthoc 

onal  basis  q,  k=  1,2,...,  m,  q.,  -oo  <  j  <  oo.  These  also  constitute  a 
k  3 

uniform  basis  for  h'''[-1,1]  and  we  may  form  the  convergent  series  in  h'''[-1,I] 


m  —  ,  oo 

d  =  y  d,  q,  +  y  d.q. 
k=l  3=-oo  ■'  ■' 


If  we  consider  a  function 


where  N  is  an  arbitrary  positive  integer,  then  w(t  +  s),  -  1  ^  s  ^  1,  is  in 


H  [-1,1]  for  any  real  t.  From  the  biorthogonality  of  the  q  »  q.  with  respeo 
i,t  X.t  ^ 

.  k  1 

to  the  e  ,  o 


m  Oj^t  N 

(w(t  d)  =  ^  d  e  +  ^  d.  e 


X.t 

] 


k=l 


]  =  -N 


m  ,  -a  a,  t 

V  '  f„m  k  ^  m  k-i  k 

/  w  (a  e  +  b  a  e  I  e 
,  ,  k  k  m  k  ^ 

k=l 


N  -A,  A.t 

I  w.  (a'"  e  ^/p(A,)  +  b  A*"  e  ^/p(A.))  e  ^ 

j=-N  3  1  1  m  :  3  ' 


=  w^"*'  (t  +  1)  +  b  w'"’^  (t  -  1) 

m 


(6.7) 


Taking  account  of  the  form  of  the  inner  product  ( 
d  =  fd(0) . (0)  ,  d*"’’  (.)  ), 


,  (6.7)  reads,  witl-i 


w-'”'  (t  +  1)  +  b  w'"’'  (t  -  1)  -  [  d'^^  (0)  w'*^'  (t) 

k=0 


(m) 


m-1 


1 

r 

-1 


-  /  d^-^^s)  w^-^Nt 


+  s)  ds  =  0  . 


(6.8) 


The  system  (6.8)  is  equivalent  to  one  of  the  form  (5.1),  (5.2),  (5.3)  and, 
since  (6.6)  is  a  solution  for  any  N  and  any  choice  of  the  w  ,  w  ,  we  coi 

k  j 

dude  that  the  associated  ojicrator  A  (cf.  (4.8)  ff.)  has  eigenvalues 


’  .  ^  , 

m  1 


-  (X) 


j  *'  cx:> .  Choosinq 


then  gives  the  result  stated  in  the  theorem 


result  of  Theorem  6.1  remains  true  for 


neutral  system  of  negative  order  -m ,  m  =  1,2,3, 


which  is  obtained  by  omitting  m  integers 


from  that  set.  We  assume  the  X.  have  the  form  (6.2).  We  adjoin  to  these  m 


By  Theorem  6.1  with  m  =  0,  there  is  a  system  (5.1) 


numbers  o  , a 


(5.2),  (5.3)  with  these  eigenvalues,  and  we  may  form  the  corresponding  function 


(5.17),  again  with  m  =  0 


lOJS 


Then,  with 


The  entire  function  (Ku))  has  the  zeros  o  ,o 


Then  from  (6.9),  (.10),  f(t)  is  in  h''"  ^(R^) 


with  support  in  [-1,1].  From  the  form  of  (6.9),  f(t)  satisfies,  in  the 
sense  of  distribution  theory 

m  '  2 

7r(D-o,I)f=6,+b  6,+v,  v€L(-l,l], 

k^l  1<  1  m  -1 

where  <5^^  6  ^  denote  the  Dirac  distributions  with  support  at  1,-1,  respectiv. 


Thus 

f  6  h"’[-1,1] 

with 

,  ,.(m-l) 

non-zero  gumps  for  f 

at 

1,  -1. 

.  (m-1) 

Since  f  (t 

for 

t  outside  [■ 

-1,1] 

,  we  conclude  f  ^^(-1  +  ) 

and 

f^"'>(l- 

)  are  non-zero. 

The 

neutral  equation  of 
,1 _ 

order  -m. 

J  v(-s) 

^(t 

+  s)  ds  =  <  C,v>  =  0,  v(s) 

=  IT' 

-s) 

-1 


^  .  t 

then  has  exponential  solutions  e  ^  ,  je  J  ,  and  the  corollary  is  proved. 

m 

The  main  result  which  we  wish  to  establish  concerns  spectral  assignment 
in  augmented  or  deficient  hyperbolic  systems  by  means  of  linear  continuous 
state  feedback.  Again  we  will  treat  only  the  case  of  simple  eigenvalues  here, 
leaving  a  discussion  of  the  multiple  case  to  Section  7.  We  begin  with  the 
augmented  case,  supposing  that  we  have  a  system  (6.1)  with  simple  eigenvalues 
*^l’°2'’‘"'  *^k'  ^  j '  ”  <  oo ,  the  satisfying  (6.2)  and  the  corres¬ 

ponding  eigenvectors  ^  ,  (Ji .  forming  a  uniform  basis  for  H.  Continuous 

D 

linear  state  feedback  means  that  we  synthesize  the  control  u  by  a  relation 

u(t)  =  (x,(t),  f)^  ,  (6.11) 

H 

for  some  feedback  element  fe  H.  This  gives  the  new  "closed  loop"  system 

X  =  (A  +  g®f)x,  (g*f)x  =  (x,f)jj  g.  (G.!.!' 
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Suppose  we  specify  another  set  of  complex  numbers  p  ,  /  c,_ , . . . ,  n  /  t 

12  m  j 

-  CO  <  j  <  oo ,  as  the  desired  spectrum  of  the  closed  loop  system.  Under  what 
circumstances  can  this  sequence  of  complex  numbers  actually  be  realized  as 
the  spectrum  of  (6.12)? 

Theorem  6.3  Let  the  control  distribution  coefficients  k  =  1,2,...,  m , 

-  oo  <  j  <  oo  for  the  system  (6.1)  all  be  nonzero .  By  appropriate  choice 

of  the  feedback  element  f  e  H  one  may  realize  as  eigenvalues  of  the  closed 

loop  system  (6.12)  any  collection  of  (distinct ,  in  this  theorem)  complex  num- 

bers  P  P^,...,p,T.,-oo<j  <oo  for  which 
-  1'  2  m  :  - 


I 


j=-oo 


(6.13) 


Proof  From  Theorem  6.1  we  can  find  a  system  (5.1),  (5.2),  (5.3)  such  that 
the  associated  operator  A 


A  (z(0)  ,z'  (0)  - - z^"'"^No),  z”’(.))  =  (z'(0),z"(0) .  z^”'’(0),  z^"'‘'^’(. 


(6.14) 


1. 

defined  on  the  domain  in  H  [-1,1]  consisting  of  z  for  which 


z^*"^  (1)  +  b  z^*"^  (-1)  +  I  b,  z'*^^  (0)  +  /  z^”*^  (s)v(s)  ds  =  0 

k=0  -1 


,  (m) 


.(k),,,,  ,  f  _(m) 


(6.15) 

has  precisely  the  eigenvalues  a,o.,,...,  o  ,  -  oo  <  j  <  oo ,  of  the 

12  m  3 

operator  A  in  (6.1).  Consider  the  transformation  T^  ih"' [-1 , 1]  ->•  U  defined 
initially  by 


0,  s  X.s 

To(e  =  1,2,...,  m,  Tp(e  /p(XJ)  =  oo<  i  <  oo. 
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/p  ( '  . '  form  a  uniform  basis  for  H  (-1,11  while  the 


■I.  form  a  uniform  basis  for  H,  T  may  be  extended  by  linearity  and 


continuity  to  a  transformation 


which  is  bounded  and  has  a  bounded  inverse 


(6.1)  is  carried  into 


The  system  (6.16)  has  much  the  same  form  as  (5.1),  (5.2),  (5.3)  except  for 


the  control  term.  With  q  given  by  (6.4) 


is  convergent  in  H  [-1,1]  and  has  a  representation 


Taking  account  of  the  form  of  .4  as  shown  in  (6.14),  (6.16)  is 


together  with  the  homogeneous  boundary  condition 


The  element  f  e  h  is  expressed  in  terms  of  the  dual  basis  iji 


biorthogonal  to  the  eigenvectors 


Letting  q 


<  oo  be  the  dual  basis  for 


H  [-1,1]  biorthogonal  to  the  e 
=  q,. »  T*  Ij; ,  =  ,  so  that 


At  this  coint  the  whole  problem  of  spectral  assignment  has  been  transferred 


from  (6.1),  (6.11)  to  the  system  (6.17)  -  (6.20),  since  the  boundedness  and 


bounded  invcrtibil ity  of  T  guarantees  that  the  eigenvalues  of  these  two 


losed  loop  systems  will  be  identical 


Next  we  construct  a  transformation  which  carried  (6.171  -  (6.1  j)  into 
a  system  of  the  form  (5.1)  -  (5.3).  We  have  seen  in  Section  5  that  the 
control  distribution  coefficients  for  (5.1)  -  (5.3)  are  certain  complex  num¬ 
bers  b,  li  =  l,2,...,  m,  b.  -oo  <j  <  oo ,  which  are  bounded  and  bounded 

3 

away  from  zero.  We  define  :  h"' [-1 , 1  ]  ->■  H  by 

' 

^ifb^e  )  =  g^^e  ,  V.  =  l,w,...  m,  (6.22) 

A  .s  A  ,s 

Tl(bje  ^  /p(>ij)  =  g^e  ^  /p(A  j  =  1,2,...,  m  (6.23) 

Since  the  g  ,  g.  have  been  assumed  non-zero,  T  is  one  to  one  and  has 
k  3  1 

an  inverse  defined  on  its  range.  However,  the  fact  that  the  g^  are 

square  summable  shows  that  is  unbounded. 

We  transform  (6.17)  -  (6.19)  (equivalently,  (6.16))  by  setting 

y  =  T^z.  -  (6.241 

Since  commutes  with  A,  (6.16)  transforms  to 

z  =  Aiz  +  T‘^T"^gu  . 

But  (6.22),  (6.23)  shows  that 

m^os  oo  ^.s 
Tq  g  =  ^  bj^e  +  I  b  e  ^  /p(A  )  , 

k=l  j=-oo 

so  that  the  control  distribution  coefficients  are  the  same  as  those  for  (5.1', 
(5.2),  (5.3).  We  conclude  that  (6.24)  carries  (6.17),  (6.18),  (6.1‘^)  ovei'  to 
(5.1),  (5.2),  (5.3).  The  rather  formal  argument  given  here  can  be  justified 
using  the  mechanism  introduced  in  Section  2  for  studying  systems  whose  coiiti'  1 
distribution  elements  are  not  in  M. 
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The  feedback  relation  (6.20),  (6.21)  transforms  to 


It  will  be  observed  that 


<  oo  together  with  (5.15),  (5.16)  implies 


The  essential  part  of  the  proof  lies  in  showing  that  as  we  pass  from  the 


system  (5.1),  (5.2),  (5.3)  (with  u(t)  e  0)  to  the  closed  loop  system  (5.1) 


in  so  doing,  realize  any  eigenvalues  p  ,p 


oo  <  j  <  oo ,  for  the  closed  loop  system  which  satisfy  (6.13).  This  is 


carried  out  for  the  m-th  order  case  in  much  the  same  way  as  the  proof  has 


already  been  given  in  [20]  for  the  case  m  =  0 


From  (6.13)  and  Theorem  6.1  there  is  a  system  of  the  form  (5.1),  (5.2) 


(5.3)  (with  u(t)  =  0)  which  has  the  eigenvalues  p, .p 


^  (t,n  +  b^z  ™  (t-,-1)  +  y  a  z  ^  (t.O)  +  f  z  (t,s)v(s)ds  =  0 
“■  k=0  -1 

(6.30) 

'  2 

for  certain  complex  numbers  a  ,a  a  ,  and  veb  [-1,1].  Let  us  desiq- 

o  1  m- 1 

nate  elements  of 


A  =  (a  ,  a  .  a  ,  v(  . ) )  , 

o  1  m~l 


F(cf.  (6.26))  =  (F(0)  ,F’  (0)  ,  .  .  .  F*"’  ^'(0),  f'"'’(.)), 


B  =  (b  ,b  ,  .  .  .  ,  b  ,  v( .) ) 
0  1  m-1 


Then  (5.3)  has  the  form 


z^'"Nt,l)  +  b  z'^'Nt,-!)  +  (z,B)  =  u(t) 


(6.31 ) 


and  use  of  (6.25).  i.e.,  u=  (z,F)  ,  carries  (5.1),  (5.2),  (5.3)  into 

m 

(6.28),  (6.29),  (6.30),  the  last  of  which  reads 


z  (t 


,  1 )  t-  b  z  (t  ,-l)  + 


(z,A)  =  0 

m 


(6.32) 


just  in  case 


B-F=A,  i.e.  F=B-A. 


(6.33) 


tiio  'juo.stion,  then,  is  whether  (6.33)  can  be  achieved  witli  F  restricted  bv 


(0.27).  Wc  must,  therefore  estimate  the  coefficients  of  B  -  A  in  the  expansion 


-  K)- 


uf  Lilot  element  with  respec  t  to  the  uniform  basis  q,  i  q .  of  biorthoqonal 

^  ^  D 

0 ,  S  A  .  S 
X  T 

elements  to  the  e  ,  e  /p(AJ.  Let  the  relevant  coefficients  of  B  and 

A  be  B,  ,  B .  and  A,  ,  A.,  respectively,  i.e., 
k  j  k  j 


m  oo  m  ^  ,  oo 

B  =  I  +  I  B  q  ,  A  =  [  Aj^q^  +  [  A  q  , 

k=l  j=-oo  k=l  j=-oo 


We  consider  also  the  uniform  basis  for  H  1-1,1]  consisting  of  the  functions 

P^S  T  S 

e  ,  k  =  1,2,...,  m,  e  /P(tJ,  -  oo  j  oo  ,  and  we  let 

r,k=l,2,...,m,  r.,-oo<j<cD,  be  the  corresponding  dual  basis  of 
k  3 

biorthogonal  functions.  Here  (cf.  p(  )  =  (^  -  o  )) 

k=l 


P(X)  =  ^  (X  -  c  ) . 

k=l  ^ 


The  main  result  we  need  is 


Lemma  6 . 4  Let  C  e  H  [-1,1]  have  expansions 


m  00 

^  =  I  ^  ^  SS' 

k=l  j=-oo  ^  ^ 


m  CD 

C  =  1  \r^  +  1  Yo' 

k=l  j=-oo 


If  the  X,,  T,  satisfy  (6.13),  then 
- 3  3  - -  - 


oo  I  c .  -  n 

■  ^  I-?-" 

l=-oo  1 


<  oo  . 


(6.34) 


_<jj_ 


Proof 


1 


We  define  L.  to  be  the  straight  line  segment  ioining  •.  to 
-  D  1 

the  complex  plane.  For  \ e  we  let 


r  r  -  A. 
p. (X)  =  ■;)  X - - j 

=  A  h,  -  s 


T.  -  X  1 


- -  Q  — ■= -  o 

.  -  A.  ^ ,  +  T.  -X.  °kj 


if  T.  ^  X.,  otherwise  P.(X)  =p(X)  =P(X).  Then  P.(X.)  =  p(X.),  P.(t.)  = 
D  D  ]  3  D  :  1  D 

p(X)  =  P(X).  Then  P.(X.)  =p(X.),  P.(t.)  =P(t.)  and 

3  3  3  3  3  3 


_  _  X ,  s  T  .s 

C.  -  n.  =  (e  ^  /p(X.),  a  -  (e  ^  /P(T.),  O 
3  3  ]  m  3  m 


m-1  X.  ^ 

r 

y  r  3  A. 

X 

P.  (X) 

k=o  T . 

3 

3 

r  X  ■ 

X.  1 

,m  s 

r  3  f  d 

X  e 

1  dX 

P.  (X) 

T  .  -1 

T 

3 

(0)  dX 


For  jj|  sufficiently  large  the  functions  X  e  /P^  (X)  are  uniformly  bounded 
for  X  in  a  neighborhood  of  which  is  independent  of  j.  Applying  tlie 

Cauchy  estimate  for  the  derivative  and  performing  the  indicated  integrations 
we  conclude  that  there  is  a  constant  K  such  that 


C-  “  n.  <KX.  -T. 
3  3  ~  3  3 


so  that  (6.13)  implies  (6.34)  and  the  proof  of  the  lemma  is  complete. 

Now  we  return  to  the  proof  of  Theorem  6.2.  Let  a,  ,  a.  be  tiu 

k  3 

expansion  coefficients  of  A  witli  respect  to  the  r  ,  r.,  i.e., 

A'  3 


m  oo 

A  =  Jar,  +  /  a  .r .  . 

k=l  3=-CD 
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Then 


TjS 

a  =  (e  /P(t.)  ,  A)  . 

J  j  m 

T ■ (t+s) 

But,  since  functions  z(t,s)  =  e  satisfy  (6.32),  we  have 


(6. 


a.  =  (e  ^  /P(t.) ,A)  = 

3  3  m 


e'Vp(.j)  - 


Arguing  the  same  way  with  the  and  (6.31) 

T.s  X  s 

|a.  -  B  I  =  Ue  /P(t.),A)  -  (e  /p(x.),A)  I 

'  j  3  ‘  3  J  ^ 


A  ♦  “A .  T • 

IX^e  Vp(Aj)  +  b^e  Vp(X.)  -  T^e  -  b^e  VP(Tj)l 


J. 

•'  T  .  dX 
3 


m  X  ,  m  -X 
e  +  b  X  e 
X  m _ 


Pj  (X) 


dX 


(6.36) 


using  the  same  argument  as  used  in  Lemma  6.3.  Then,  using  (6.36)  with  Lemma 
6.3  (with  5  =  A) 

|Aj  -  B,  I  <  |A,  -  ctj  i  +  -  B,  1  <  (K  +  K)  IXj  -  T.  I 

and  we  conclude  that  if  (6.13)  is  true  and  F  is  given  by  (6.33),  then 


F  . 

1  B.  -  A 

-JL 

^ _ 

< 

1  "i 

.27)  is  satisfied. 

<  (K  +  K) 


X  .  “  T  • 
-J _ 1 


the  system  (6.31)  into  (6.32)  can  be  realized  with  F  satisfying  (6.271 
if  (6.13)  is  true. 
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To  conplcte  the  proof  it  is  necessary  to  show  that  the  closed 
loop  system  (6.17),  (6.18),  (6.19),  (6.20)  with  the  coefficients  appearing 
in  (6.21)  determined  by 


B,  -  A  =  F  =  -  ,  B,  -  A.  =  F.  =  , 

k  k  k  '  J  3  1  b 

J 


k  =  1,2,...,  m,  -  oo  <j  <03 


has  the  same  eigenvalues  as  the  system  (6.32),  i.e.,  p  ,  k  =  1,2,...,  m  j., 

k  j 

-  oo  <  j  <  oo .  This  does  not  follow  immediately  from  the  fact  that  (6.24) 

carries  (6.17),  (6.18),  (6.19),  (6.20)  into  (6.32)  when  (6.33)  obtains 

because  T^^  is  not  a  bounded  operator.  In  [20]  this  point  was  overlooked 

in  the  argument  which  in  any  case  pertained  only  to  the  case  m  =  0,  so  our 

work  here  also  completes  the  argument  of  that  paper. 

Let  the  generator  of  the  semigroup  associated  with  (6.35)  be  4.  Its 

eigenvalues  are  p,  k  =  1,2,...,  m,  t.,  -  oo  <  j  <  00,  and  the  corresponding 
^  "1 
T . S 

eigenfunctions  are  e  ,e  ^  /P(t,).  Let  T_  be  defined  by  (cf.  (6.22),  (6.23)) 

1  2 


'2'V  > 


(6.37) 


T  .S 


T  (b  e  ^  /P(T  ))  =  g.e  ^  /P(T.) 
^  J  J  H  T 


(6.38) 


and  then  be  extended  to  H  [-1,1]  by  linearity  and  continuity.  Clearly  T„ 
commutes  with  A,  i.e.. 


Ty,  =  AT^.  T^/ST^  =  A. 


(6.39) 
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Let  be  the  operator  defined  by  (6..22),  (6.23).  Since  (6.24)  carries 

tht  closed  loop  system  (6.17),  (6.18),  (6,19),  (6.20)  into  (6.32),  we  have 
for  the  generator  4+  g«f  associated  with  (6.17),  (6.18),  (6.19),  (6.20), 


(  A  +  gBf  )T^  =  T^>5. 


Multiplying  on  the  right  by  gives 


(A  +  gSf 


=  (from  (6.39))  = 


Thus  =  T  has  the  property 


(A  +  gRf  )T  = 


and  we  conclude  that  A  +  g®f  has  the  eigenvalues  p  ,p.,...,  p  ,  t-' 

12  m  j 

-  CO  <  j  <  oo ,  of  A  if  we  can  establish  that  T  is  bounded  and  has  a 
bounded  inverse. 


Let  q  ,  q.  and  r  , r.,  designate  the  dual  bases  for  h'''[-1,1] 
f7)^S  A  S  p  S  T.s 

biorthoqonal  to  e  ,  e  /p(Xj)  and  e  ,  e  ^  /P(Tj^),  respectively. 
Then  T^  and  T^  have  adjoint  operators  defined  by  (cf.  (6.22) ,  (6.23) , 


’^1  "  W'  =  5j^j' 


'  T*(b.r,)  =  g.r.. 

2  k  H  )t)<  2  J  J  J 
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Then,  at  least  formally 


(T*) 


The  problem  is  to  show  this  operator  is  well  defined — that  the  domain  of 
(T*)  ^  is  included  in  the  range  of  T* ,  Fortunately  this  is  not  difficult. 
Since  the  are  bounded  and  bounded  away  from  zero,  the  range  of  is 

precisely  the  set  of  elements 


m 

k-1 


oo 

I 

j=-oo 


for  which 


oo 


j«-oo  ^ 


oo 


The  domain  of  (T*)  ^  is  the  set  of 


oo 


‘  ■  S,  Vk  •  .1  "j'j 

k*l  j*-OD  ■’ 


for  which 


oo 


j«-00  J  ■' 


Lemm.i  6.4  shows  that  these  two  sets  are  the  same.  Thus  (T*)  ^T*  is  defined 
on  all  of  H*"!-!,!)  and  maps  that  space  in  a  one  to  one  fashion  onto  itself. 
Clearly  it  is  a  closed  operator  and  the  closed  graph  theorem  implies  then 
that  it  is  bounded  and  boundedly  invertible.  The  proof  of  Theorem  6.1  is 
now  complete. 
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Theorem  6.5  The  result  of  Theorem  6.3  remains  valid  for  deficient  hyper 


(Assuming,  as  before,  that  the  g.  ^  0.) 


The  proof  is  essentially  the  same  as  the  one  already  given  and  will  not 


be  repeated  in  complete  detail.  A  deficient  hyperbolic  system  is  first  of 


into  a  neutral  system  of  negative  order  -m  in  H  [-1,1].  Such  a  system 


or,  equivalently,  as 


beina  the  subset  of  H 


the  domain 


with  a  noiihomoqeneous  boundary  condition 


Again  the  transformation  T  which  carries  (6.42),  (6.43)  into  (6.45),  (6.46) 


The  g.  are  square  summable  and  we  have  established  at  the  end  of  Section  5 


that  the  b.  are  bounded  and  bounded  away  from  zero.  Thus,  as  in  Theorem 


6.3,  T,  is  bounded  but  does  not  have  a  bounded  inverse 


is  mapped  by  T  into  a  corresponding  feedback  law  for  (6.42) ,  (6.43) 


and  then  by  T  into 


Wf>  m.'iy  re£3lac«»  this?  rplation  by 


u  =  <y,F> 

where  F  is  the  element  of  which  defines  the  same  linear  functional 

on  H  '^[-1,1]  as  does  Fe  H  "'[-1,1]  via  (y,F)  .  The  closed  loop  system  is 
thus 

( y,  V  -  F  >  =0  (6.48) 


Here  F  is  a  "lower  order"  term  by  comparison  wiht  V:  we  have 
vf  Hq'^I-1,1]  nn"’]-!,!]  ,  v^"’"^N-l)  0,  v'"’'^Nl)  0,  while  FeH"*]-!,!). 

Given  desired  eigenvalues 


T  .  =  a  +  j-ni  +  V. .  j  e  J 

1  J  m 


with  ^  |v.  I  <  CO  ,  we  have  seen  in  Corollary  6.2  that  there  is  an  element, 

call  it  V,  such  that  the  eigenvalues  of  (6.45)  with 


<y,V>  =  0 


(6.49) 


are  these  ly  3  ^  proof  of  Corollary  6.2  shows  that  the  values  of 

,,(m-l)  ,  - 

V  at  -1,1  are,  except  for  a  constant  multiple,  determined  by  a  to  be 

the  same  as  those  of  v^"*  at  those  points.  This  means  (6.49)  can  be 
written  as 

( y,  v  -  G)  =0  (6.50) 

for  some  Ge  Hq|-1,1).  Then  (6.45),  (6.48)  has  the  same  eigenvalues  as  (6.45), 
(6.50)  if  F  =  G.  If  F  expanded  in  terms  of  the  elements  ijj ,  biorthogonal 
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then 


as  before.  The  essential  question  then  reduces  the  one  treated  in 


Lemma  6 . 6 


with 


Then  if 


0  be  m  complex  numbers  distinct  from  the 


The  exponentials  which  satisfy  (6.45)  are  e 


satisfying  (6.46)  are  e 


<  oo,  both  include 


now 


Applying  the  results  used  to  prove  Theorem  6.3  in  the  case  m  =  0,  the  expan 
sion  of  LC(-s)  in  terms  of  the  biorthogonals  to  the  e  , 


have  the  property 


(Actually,  the  H  which  corresond  to  the  o.  are  all  zero  since  those  eigen 


values  are  invariant  as  we  pass  from  (6.45)  to  (6.46).)  Now 


Thus  (6.52)  gives  (6.51)  and  the  proof  is  complete.  The  remainder  of  the  proof 


of  Theorem  6.5  is  essentially  that  of  Theorem  6.3  and  is  omitted 


Finally  there  is  the  question  of  what  spectral  assignment  results  may  be 


obtained  if  some  of  the  control  distribution  coefficients 


(6.1)  are  equal  to  zero.  First  of  all,  it  is  quite  clear  from  the  form  (6 


of  the  system  that  whenever  g,  =0,  the  corresponding  A.  (or  o.  if 

3  3  K 

g^  =  0)  is  an  eigenvalue  which  cannot  be  affected  by  feedback.  If  finitely 
many  g^  =  0,  one  may  simply  exclude  linear  combinations  of  the  correspond¬ 
ing  from  the  space  under  consideration,  forming  a  new  space  H  from 

linear  combinations  of  the  f .  for  which  g.  ^  0.  The  new  system 

J  D 


—  =  Ax  +  gu,  X,  geH 
dt 


will  have  eigenvalues  a,  »  A.  for  which  g  ,  g.  ^  0,  only  finitely 

k  1  k  j 

many  less  than  before.  Therefore  it  will  be  either  an  augmented  or  deficient 

hyperbolic  system  and  the  foregoing  theory  can  be  applied  to  show  that  the 

o,  ,  A.  corresponding  to  g  ,  g.  /  0  can  be  changed  to  new  values  p  ,  i .  t 
^  i  k  3  k  i 


-k' 


as  long  as 


-  X, 


3 


If  infintely  many  g^  =  0  we  cannot  pursue  this  route  because  the 
modified  system  will,  in  general,  not  be  either  an  augmented  on  deficient 
hyperbolic  system.  It  seems  likely  in  this  case  that  one  might  successfully 
proceed  in  the  following  manner.  Let  the  index  set  J  be  divided  into 
mutually  disjoint  subsets  J^,  with  =  j. 


g.  =  0,  je  g.  /  0,  je 


bet  fa.  I  be  square  summable  with  a.  /  0,  jeJ.,  and  then,  for 


'  •  0,  let 


G  ( F )  = 

3 


I 

,  i  f  J,,  . 

(  J  0 
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•.’e  consider  the  nroblcm  of  moving  the  '’v;'  'j  values  with 


=  u,  ,  X.  =  T.  if  k  or  J  < 
k  k  j  3  0 


It,  -  X  , 


As  one  examines  the  proof  of  Theorem  6.3  we  see  that  the  corresponding 
TqIe),  T^(c),  T2(c)  may  all  be  defined  and  have  limits  as  e  -»•  0,  but 
T^(0),  'V^iO)  are  not  invertible.  However,  it  is  only  necessary  to  establish 


lim  T(£)  =  T^(e)T2(E)  =  T(0) 

E-"  0 


(6.53) 


exists,  is  bounded  and  boundedly  invertible,  in  order  to  see  that  the  new 
eigenvalues  can  be  realized  by  linear  feedback  for  the  system  with  control 
distribution  coefficients  G^(0) --which  are  of  course  the  original  g^. 
Establishing  the  boundedness  and  bounded  invertibility  of  (6.53)  is  done 
in  a  manner  quite  similar  to  the  proof  of  Lemma  6.4,  and  this  is  left  to  the 


reader . 
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7.  Modifications  for  Multi;.le  Eigenvalues 

We  have  discussed  only  the  case  of  simple  eigenvalues  in  the  main  ix^ciy 
of  the  manuscript.  The  treatment  of  multiple  eigenvalues,  while  not  con-'::  • ua 
difficult,  is  a  rather  detailed  business  and  would  have  made  an  already  lengi' 
manuscript  too  long  if  we  had  been  forced  to  consider  the  problems  of  multi- 
pi’. ity  at  every  step  in  the  development.  Nevertheless,  a  complete  treatment 
requires  attention  to  the  {xissibility  of  multiple  eigenvalues  and,  in  this 
final  section,  we  indicate  how  this  is  done. 

We  will  assume  that  we  are  dealing  with  a  system  (l.li  of  augmented  or 
deficient  hyperbolic  type.  We  admit  now  the  possibility  that  A  may  have 
finitely  many  eigenvalues,  without  loss  of  generality  these  may  be  called 
^l'''2'‘*''  ^r'  have  associated  multiplicities  •••>  greater 

than  1.  There  exist  systems  having  infinitely  many  multiple  eigenvalues,  but 
we  will  not  consider  them  here.  For  such  systems  Theorem  6.3  (or  Theorem 
must  be  replaced  by  a  more  complicated  result.  The  systems  listed  as  examples 
in  Section  2  and  the  neutral  systems  of  positive  and  negative  order  studied 
in  Sections  4,  5  and  6  have  at  most  finitely  many  multiple  eigenvalues;  in 
the  case  of  the  neutral  systems  this  is  a  corollary  of  our  application  of 
Rouche's  theorem. 

Section  1  has  already  been  developed  with  the  possibility  of  mul t ipl icitN’ 

taken  into  account.  The  first  result  which  is  explicitly  restricted  to  the 

simple  case  is  Theorem  3.1.  To  begin  we  need  some  conventions.  As  we  have 

already  indicated,  the  multiple  eigenvalues  will  be  designated  \ ^ ,  .  .  .  , 

and  the  multiplicities  as  h  .  We  will  always  assume  that  fne 

1  2  r 

multiple  eigenvalues  are  included  in  the  X  ,  je  J,  the  a,  ,c.,...,  a  will 

j  12m 

a’ways  be  simple.  This  might  at  first  seem  to  imply  some  restriction,  but 
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this  is  not  the  case.  If  we  begin  with  a  uniform  basis  of  generalized  eznoneri 


tials  for  L  [-1,1]  which  involve  exjxjnents  >  'with  mul tij.  1  ic iti 

12  0 


< V  ,  .  . . ,  V  and  wish  to  adjoin  m  generalized  exponentials  which  involve 

i  z  0 


exjxjnents  ,  .  .  .  ,  X  ,  •  •  ■  •  wi  th  mul  t  ipl  ici  t  ies  v  ,  .  v  ,  .  ^ 

r  -  - 


we  carry  out  an  exchange.  From  the  X.,  j  e  J ,  we  select  v  =  )  complex 

X . s  ^  1=1  ' 

numbers  such  that  the  e  ^  occur  as  simple  exponentials  in  the  basis  for 


L  [-1,1].  Call  these  '  .  k  -  1 , 2  ,  .  .  .  ,  r  ,  7.  =  1 , 2  ,  .  .  .  ,  v  .  We  move  the 

K  k 


corresponding  functions  out  of  the  basis  for  L  [-1,1],  replacing  the  simole 


exponentials  e 


by 


n  X ,  s 


n ! 


"  '  “j'  “j*! .  '■’j  *  V,  -  1,  j  .  1,2 . c 


n  X .  s 

— e  ,  n=0,l,...,  -  1,  j  =  0+  1,...,  r. 


The 


X  s 
k,7 


Xj^  ^  are  renamed  o  with  appropriate  indices  and  the  e  '  are 


combined  with  the  simple  exponentials  in  the  set  originally  to  be  adjoined. 


We  are  then  adjoining  m  simple  exponentials  e  to  a  basis  for  l''[-1,11 


n  X ,  s 


S  T 

which  may  include  generalized  exponentials  — -e  ,  n=0,l,...,  u.  -1. 


Are  we  justified  in  assuming  that  our  exchange  replaced  a  uniform  basis  for 
2 


L  [-1,1]  by  another  uniform  basis?  The  answer  is  yes.  From  [12],  [14], 

[24]  the  original  basis  is  associated  with  an  entire  function  iK  X)  of  order 
1 ,  type  1 ,  such  that 


(i)  for  each  X^  associated  with  the  original  basis,  b( X)  has 


a  zero  of  multiplicity  v^  ( v^  =  1  unless  j  =  1,2,...,  c' 


at  X, ; 
3 


(ii)  lii(X)  does  not  belong  to  L  (-  oo,  oo)  on  the  real  axis 
but  i[i(X)/(l  +  |x|)  does  lie  in  this  space. 
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Obviously  ^(X)  can  be  written  in  the  form 


(  .X 1  -  71 

j  =  l 


(X  - 


A.) 

3 


r  '"k 

k."l 


The  exchange  process  corresponds  to  replacing  ij/(X)  by 

0(A)  =  S  (A  -  A.)  ^  ^  n  (A  -  A.)  $(A) 

j=i  ^  j=P+l  ^ 

and  it  is  easily  seen  that  0(A)  has  the  same  properties  as  (//(A)  except  for 

the  location  and  character  of  finitely  many  zeros.  From  the  properties  of 

0(A)  and  t)ie  theory  in  (121,  [14],  [241  it  is  easy  to  see  that  the  new  gen- 

2 

eralized  exponentials  are  strongly  independent  and  span  L  (-1,1].  The 

argument  which  appears  in  Section  3,  (3.33).ff.,  of  (19]  may  then  be  used  to 

2 

see  tliat  we  have  a  uniform  basis  for  L  [-1,1]. 

Once  the  exponentials  being  adjoined  are  simple  and  distinct  from  those 

2 

already  in  the  basis  for  L  (-1,11,  the  proof  of  Theorem  3.1  proceeds  essen¬ 
tially  the  same  way  as  it  appears  in  Section  3  now  except  for  one  point.  In 
forming  the  solution  z(s)  of  (3.13)  one  must  now  consider  solutions  of 

^  d  A.s 

TT  (D  -  o  I)Z  =  ...+  f  —  e  ^  +...  (7.1) 

k=l  i=0 

^  .s 

Since  e  ^  /p(A.),  ij(A)  =  ^  (A  -  o  ),  solves 

^  k=l 

m  A.s  A.s 

k=i  ~  ”k^^  ^  /P(>  .)  )  =  e  ^ 

and  sincf 
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1  ^ 

1  d 

il  Z 
^  d\^ 


C! 


\=A. 


a  solution  cf  (7.1)  may  be  found  in  the  form 


.  ...  .  Y 

1=0  dX 


X=X. 


and  the  indicated  terms  will  have  the  form 


P.-l 


z  (s)  = 


I  X.s 


9.  =0 


X.S 

!  i 

The  fact  that  Lz  =  0  has  no  solutions  of  the  form  s  / 9!  e  is  easily 


used  to  show  that  the  linear  relationship  between  the  f.  and  F.  is 

D  >  ~  T  jf  _ 

cr^s  a 

then  completed  without  difficulty  and  the  final  result  is  that  e  e 


f  f.  A.SJ 

with  the  e  ^  ®  j/p(XJ,  as  appropriate,  form  a  uniform  basis  for 


h"'[-1,1].  In  the  case  of  infinitely  many  multiole  X^  one  has  to  consider  the 
uniform  boundedness  and  uniform  invertibility  of  the  matrices  relating  the  F. 

3  r  9 

to  the  f  .  and  this  gives  rise  to  some  difficulties  which  fortunately  we  may 
3 ,  9 

ignore  here. 

In  the  proof  of  Theorem  3.2  the  a 


OfS 


o  s 
m 


o  corresponding  to  the  excluded 
1  m 


are  taken  to  be  simple  and  different  from  the  remaining  A ^ ■ 


The  proof  then  proceeds  as  before  except  that  when  one  sets  w  =  when  we  have 


Uj-l 


rjs)  = 


I 


1=0 


jf«.  91 


9  X.s 
^e  ^  ^ 


then 


(TT  ) 


f.! 


■  9  Xs 

d  e 


-Id 

J.!  9  ^  ^ 


x=x , 


dX 


x=x 


1  d  ,  ,,  ,  Xs 
(p(X)e 

dA 


=\ 
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is,  since  p(A.)  ^  0,  expressible  as  a  linear  combination  of 


H,  the  coefficients  involving  p  and  its  derivatives  evaluatii 


and  again  the  linear  relationship  between  the  C 


seen  to  be  nonsingular 


In  Section  4  we  note  that  as  soon  as  we  admit  the  possibility  of  multiple 


eigenvalues  these  correspond  to  multiple  zeros  of  the  function  \)  defined 


by  (4.10).  The  proof  of  Theorem  4.2  is  no  different,  but  it  does  show  that  th 


are  simple  for  sufficiently  large  |j  [.  A  word  needs  to  be  said  about  tiie 


meaning  of  (4.11).  Again  assuming  the  o  ,o 


in  (4.11)  must  be  listed  a  number  of  times  corresponding  to  its 


multiplicity:  this  could  be  done,  e.g.,  if  A  has  multiplicity  p 


Since  there  are  only  finitely  many  non-simple 


zeros,  this  does  no  harm  to  the  asymptotic  relationship  between  A.  and 


a  +  jtii.  These  remarks  continue  to  be  valid  in  connection  with  Theorem  4.4 


The  first  place  in  the  paper  where  a  really  significant  difference  associ 


ated  with  the  control  distribution  coefficients  as  discussed  in  Section  5. 


re-index  the  elements  of  the  dual  basis  so  that  corresponding  to  a  of  multi 


plicity  u.  we  have  elements  q 


U .  such  that 


0  otherwise 


We  do  the  same  for  the  control  distribution  coefficients  themselves,  writinu 


In  place  of  (5.14)  we  have,  in  the  case  of  multiplicity 


; - irr  /  -i  %  i. 

‘“i,*'  ■*’j 


(7.'Jt 


With  solutions  z(t,s)  of  (5.1),  (5.2),  (5.3)  now  involving  terms 


2.-1 


z{t,s)  = 

the  fact  that 

32(t,s) 

3t 


+  y  z  ( t)  — -  e  ^  +  . . 

j,  '  M2-1)! 


j  2- 1  A  .  s 

+  y  z  (t)  — - -  e  ^  + 

j,2'  '  (2-1)!  ® 


3z (t,s) 
8s 


. . .  +  y  z . 
2=1 


2-2  X.s 

(“>  t^TT  ^  ' 


£-1  X.s] 
s  3  + 

^  j(2-l)!  ®  ^ 


shows  that  we  will  have,  in  each  case  of  a  multiple  , 


^z.  ,  (t) 

3.1 

z.  (t) 

3.2 


X.  1  0  . . .  0  U  z .  ,  (t)  f 

3  3.1  3 

2 

0  A  .  1  ...  0  z .  ^ (t)  b . 

T  -1-2  n 


u(t)  (7.3) 


z.,  (t) 

'  ^3 


0  0  0...  X.  2.,u.{t) 

3  3  3 


y  . 

Since  every  such  system  with  /  0  can  be  reduced  to  a  system  of  the 

form  (1.18),  and  since  only  finitely  many  X.  are  assumed  to  have  multiplicity 

^  y . 

>1,  all  that  needs  to  be  established  is  that  b^^  ^  0  in  systems  (7.3) 
arising  from  (5.1),  (5.2),  (5.3). 

Corresponding  to  a  zero  w,  =  ’(’(w)  (cf.  (5.17))  of  multip]  icit'.' 


y .  we  let 
3 


y,!(X,)ti)(u) 

\b  (u)  =  - ^ ^ ^ : —  ,  2  =  0,1,...,  U.  -  1 

^j,2'  '  jy.)  y  -2  '  '  3 

t  ^  (wj )  (W-(i)J  ^ 
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since 


v)  (  oj)  =  - - — ; - ^ —  (  O)  -  )  + 


U 


! 


We  have 


J '  <•  J  J 


If  we  define  elements  v,  „  in  terms  of  <P.  „  ,  in  the  same  way  as  t)ic  v 

D.t-1  3 

were  defined  in  terms  of  the  i{/^  foJ  lowinq  (5.21),  then 


■^j.S-l)  '  ''j.t’m'  '  ■  .  'V 


For  =  itoT  other  than  A,  =  iw  we  have 
^  0  11 


Iw  .  s  ,\  "s  .  s 

•■p  =  (e  ^  ,V  )  =  (e  ^  .  V.  „)  =  (e  ’  ,v,  )  =  0 

I'll  l.Km  3,em  l,m 


(7.4) 


If  has  multiplicity 


(k- 1 ) 

ur  then  ^  (mD  =  0,  1<  =  1,2 .  p.*,  so  that 

J  1  >  I.  1  1 


(-i)*^"^  (k-1) 


(k-n'i  S'i-i 


(o).')  = 


^k-l  Ars 

(k-D!  '  '"j,? 


=  0. 


(7.5) 


For  itself,  we  note  that  for  k  =  1,2,...,  e-1. 


(-i)’^~^  (k-n 
(k-1)  !  j,  .  = 


r^k-1 
(k-l)  !  ® 


3  m 


=  0 


(7.h) 


wh i  le 
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The  relationships  (7.4)  -  (7.7)  imply  that  the  v 


onal  elements 


being  coefficients  which  are  determined  by  deriva 


tuitously  have 


here  parallels  that  of  iji .  in  (5.18)  except 


Since  the  definition  of 


the  same  methods  as 


were  used  in  Section  5  to  obtain  (5.25)  may  again  be  used  to  evaluate  b 


here  and  to  show  that  it  is  not  zero.  In  fact  we  have 


1 


Once  this  result  has  been  established  the  remaining  theorcinp  of  =ei.  ti  .n 
6  can  be  proved,  allowing  for  finitely  many  multiple  or  without 

difficulty  just  by  replacing  the  q.  or  r.  by  q  •  •"  dual  to 

(s  '^/(H-l)!  )  e  ^  (p(XJ  or  (s  /(i-l)!e  ^  The  map  is  simi  ty 

replaced  by  PB(PB)  ^  where  P  and  B  are  as  in  (1.9),  (1.13),  reducing 
the  original  system  to  control  Jordan  form  and  PB  is  the  corresjxsnding 
transformation  reducing  the  related  system  (6.17),  (6.18)  (6.19),  having 

the  same  spectral  structure  and  control  distribution  coefficients,  to  the 
same  control  Jordan  form. 
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